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ANDRAS JUHASZ 

Abstract. Sutured Floer homology, denoted by SFH, is an invariant of bal- 
anced sutured manifolds previously defined by the author. In this paper we 
give a formula that shows how this invariant changes under surface decomposi- 
tions. In particular, if (M, 7) ^ (M',7') is a sutured manifold decomposition 
then SFH{M', 7') is a direct summand of SFH{M, 7). To prove the decompo- 
sition formula we give an algorithm that computes SFH{M, 7) from a balanced 
diagram defining (A/, 7) that generalizes the algorithm of Sarkar and Wang. 

As a corollary we obtain that if (M, 7) is taut then SFH{M, 7) ^ 0. Other 
applications include simple proofs of a result of Ozsvath and Szabo that link 
Floer homology detects the Thurston norm, and a theorem of Ni that knot 
Floer homology detects fibred knots. Our proofs do not make use of any 
contact geometry. 

Moreover, using these methods we show that if /C is a genus g knot in a 
rational homology 3-sphere Y whose Alexander polynomial has leading coeffi- 
cient ag ^ and if r\JiFK(Y, K,g) < 4 then Y \ N(K) admits a depth < 1 
taut foliation transversal to dN{K). 



1. Introduction 

In [6] we defined a Floer homology invariant for balanced sutured manifolds. 
In this paper we study how this invariant changes under surface decompositions. 
We need some definitions before we can state our main result. Recall that Spin'^ 
structures on sutured manifolds were defined in [51 ; all the necessary definitions can 
also be found in Section [3] of the present paper. 

Definition 1.1. Let (M, 7) be a balanced sutured manifold and let {S,dS) C 
{M,dM) be a properly embedded oriented surface. An element s G Spin'^(M, 7) is 
called outer with respect to S if there is a unit vector field v on M whose homology 
class is s and Vp ^ —{i'g)p for every p G S. Here vs is the unit normal vector field of 
S with respect to some Riemannian metric on M. Let O5 denote the set of outer 
Spin*^ structures. 

Definition 1.2. Suppose that i? is a compact, oriented, and open surface. Let C 
be an oriented simple closed curve in R. If [C] = in Hi{R; Z) then R\C can be 
written as i?i U i?2, where Ri is the component oi R\C that is disjoint from dR 
and satisfies dRi = C. We call i?i the interior and R2 the exterior of C. 

We say that the curve C is boundary- coherent if either [C] 7^ in iJi(i?;Z), or 
if [C] = in Hi{R; Z) and C is oriented as the boundary of its interior. 
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Theorem 1.3. Let (Af, 7) be a balanced sutured manifold and let (M, 7) 
(M',7') be a sutured manifold decomposition. Suppose that S is open and for every 
component V of R{'j) the set of closed components of S H V consists of parallel 
oriented boundary- coherent simple closed curves. Then 

SFH{M',i)^ SFH{M,j,5). 

seOs 

In particular, SFH{M' is a direct summand of SFH{M,j). 

In order to prove Theorem 1 1.31 we give an algorithm that computes SFH{M,j) 
from any given balanced diagram of (M, 7) that generalizes the algorithm of ,15... 

From Theorem II .31 we will deduce the following two theorems. These provide us 
with positive answers to [SI Question 9.19] and [6, Conjecture 10.2]. 

Theorem 1.4. Suppose that the balanced .sutured manifold {M,"f) is taut. Then 

Z < SFH{M,j). 

If F is a closed connected oriented 3-manifold and R C Y is a. compact oriented 
surface with no closed components then we can obtain a balanced sutured manifold 
Y{R) = (M,7), where M = Y\ Int(i? x /) and j = dRx I, see [gj Example 2.6]. 
Furthermore, ii K C Y is a knot, a G H2{Y, K; Z), and i G Z then let 

HFK{Y,K,a,i) = HFK{Y,K,s). 

seSpin" (Y,K): {ci(s),a)=2i 

Theorem 1.5. Let K be a null-homologous knot in a closed connected oriented 
3-manifold Y and let S gY be a Seifert surface of K. Then 

SFH{Y{S)) « HFK{Y, K, [S],giS)). 

Remark 1.6. Theorem 11.51 implies that the invariant HFS of balanced sutured 
manifolds defined in [8 is equal to SFH. 

Putting these two theorems together we get a new proof of the fact proved in 
[13] that knot Floer homology detects the genus of a knot. In particular, if F is a 
rational homology 3-sphere then HFIC{K, g{K)) is non-zero and HFK(K,i) = 
for i > g{K). 

Further applications include a simple proof of a theorem that link Floer homology 
detects the Thurston norm, which was proved for links in in [llj . We generalize 
this result to links in arbitrary 3-manifolds. Here we do not use any symplectic or 
contact geometry. We also show that the Murasugi sum formula proved in [9] is 
an easy consequence of Theorem 11.31 The main application of our apparatus is a 
simplified proof that shows knot Floer homology detects fibred knots. This theorem 
was conjectured by Ozsvath and Szabo and first proved in [8]. Here we avoid the 
contact topology of [5] and this allows us to simplify some of the arguments in 

To show the strength of our approach we prove the following extension of the 
main result of [8]. First we review a few definitions about foliations, see [H Defini- 
tion 3.8]. 

Definition 1.7. Let !Fhe a codimension one transversely oriented foliation. A leaf 
of J- is of depth if it is compact. Having defined the depth < p leaves we say that 
a leaf L is depth p if it is proper (i.e., the subspace topology on L equals the leaf 
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topology), L is not of depth < p, and L \ L is contained in the union of depth < p 
leaves. If J- contains non-proper leaves then the depth of a leaf may not be defined. 

If every leaf of J-' is of depth at most n and J-' has a depth n leaf then we say 
that J- is depth n. 

A foliation !F is taut if there is a single circle C transverse to T which intersects 
every leaf. 

Theorem 1.8. Let K be a null-homologous genus g knot in a rational homology 
3-sphere Y. Suppose that the coefficient ag of the Alexander polynomial A/f (t) o/ 
K is non-zero and 

rkHFK{Y,K,g) < 4. 
Then Y \ N{K) has a depth < 1 taut foliation transverse to dN{K). 
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discussions. 

2. Preliminary definitions 

First we briefly review the basic definitions concerning balanced sutured mani- 
folds and the Floor homology invariant defined for them in j6|. 

Definition 2.1. A sutured manifold (ill, 7) is a compact oriented 3-manifold M 
with boundary together with a set 7 C dM of pairwise disjoint annuli ^(7) and 
tori r(7). Furthermore, the interior of each component of ^(7) contains a suture, 
i.e., a homologically nontrivial oriented simple closed curve. We denote the union 
of the sutures by 3(7). 

Finally every component of -R(7) = DM \Int(7) is oriented. Define i?+(7) (or 
i?_(7)) to be those components of dM \ Int(7) whose normal vectors point out 
of (into) M . The orientation on i?(7) must be coherent with respect to 5(7), i.e., 
if (5 is a component of dR{'j) and is given the boundary orientation, then S must 
represent the same homology class in -ffi(7) as some suture. 

Definition 2.2. A sutured manifold (Af, 7) is called balanced if M has no closed 
components, x{R+{l)) = x{R-{i))j and the map 770(^(7)) no{dM) is surjective. 

Notation 2.3. Throughout this paper we are going to use the following notation. If 
K is a submanifold of the manifold M then N{K) denotes a regular neighborhood 
of K in M. 

For the following see examples 2.3, 2.4, and 2.5 in [6j. 

Definition 2.4. Let y be a closed connected oriented 3-manifold. Then the bal- 
anced sutured manifold ^(1) is obtained by removing an open ball from Y and 
taking an annular suture on its boundary. 

Suppose that L is a link in Y. The balanced sutured manifold Y{L) — (M, 7), 
where M — Y \ N{L) and for each component Lq of L the sutures dN{Lo) D 5(7) 
consist of two oppositely oriented meridians of Lq. 

Finally, if S* is a Seifert surface in Y then the balanced sutured manifold Y{S) = 
(iV, ly), where N ^Y\ liit{S x /) and v^dS xl. 

The following definition can be found for example in [16) . 
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Definition 2.5. Let 5 be a compact oriented surface (possibly with boundary) 
whose components are Si, . . . , Sn- Then define the norm of S to be 

x{s)= 

x(S'i)<0 

Let M be a compact oriented 3-manifold and let TV be a subsurface of dM. For 
s G H2{M, N; Z) we define its norm x{s) to be the minimum of x{S) taken over all 
properly embedded surfaces {S,dS) in {M,N) such that [S', 95] — s. 

If {S, dS) C (M, TV) is a properly embedded oriented surface then we say that S 
is norm minimizing in H2{M,N) if S is incompressible and x{S) = x{[S,dS]) for 
[S,dS] e H2iM,N;Z). 

Definition 2.6. A sutured manifold (M, 7) is taut if M is irreducible and R{'j) is 
norm minimizing in H2 (M, 7) . 

Next we recall the definition of a sutured manifold decomposition, see % Defi- 
nition 3.1]. 

Definition 2.7. Let (M, 7) be a sutured manifold. A decomposing surface is a 
properly embedded oriented surface S in M such that for every component A of 
5n7 one of (l)-(3) holds: 

(1) A is a properly embedded non-separating arc in 7 such that |A n 3(7)] = 1. 

(2) A is a simple closed curve in an annular component A of 7 in the same 
homology class as A n s{j). 

(3) A is a homotopically nontrivial curve in a torus component T of 7, and if S 
is another component of T n S*, then A and S represent the same homology 
class in Hi{T). 

Then S defines a sutured manifold decomposition 

(M,7) (M',7'), 
where M' = M\ Int(A^(S')) and 

7' = (7 n M') u N{S+ n R-{j)) u N{s'_ n i?+(7)), 

i?+(7') - ((i?+(7) nAf) U5;) \Int(7'), 
i?_(7') = ((i?-(7)nAf')U5^)\Int(7'), 

where S\_ {S'_) is the component of dN{S) Pi M' whose normal vector points out 
of (into) M'. 

Definition 2.8. A decomposing surface S in (Af, 7) is called a product disk if S 
is a disk such that \D n 5(7)! = 2. A surface decomposition {M,j) (Af',7') is 
called a product decomposition if S* is a product disk. 

Definition 2.9. A decomposing surface S lying in the sutured manifold (Af, 7) is 
called a product annulus if S is an annulus, one component of dS is contained in 
-R+(7), and the other component is contained in i?_(7). 

Definition 2.10. A sutured Heegaard diagram is a tuple (E, a,/3), where E is a 
compact oriented surface with boundary and a and /3 are two sets of pairwise 
disjoint simple closed curves in Int(S). 
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Every sutured Heegaard diagram (S],q:,/3) uniquely defines a sutured manifold 
(M, 7) using the following construction. Suppose that a — {ai,..., am} and 
(3 = { Pi, . . . , /3n}- Let M be the 3-manifold obtained from S x / by attaching 3- 
dimensional 2-handles along the curves ai x {0} and (3j x {1} for i = 1, . . . , m and 
j = 1, . . . ,n. The sutures are defined by taking 7 = 9S x / and 3(7) — x {1/2}. 

Definition 2.11. A sutured Heegaard diagram (E, a, (3) is called balanced if |q;| = 
\(3\ and the maps 7ro(9S) 7ro(S \ U ^"^^ '^o{d'S) ^ 7ro(S \ IJ ,9) are surjective. 

The following is [H Proposition 2.14]. 

Proposition 2.12. For every balanced sutured manifold {M,"f) there exists a bal- 
anced diagram defining it. 

Definition 2.13. For a balanced diagram let . . . ,2?m denote the closures of 
the components of S\ (IJ aUlJ /3) disjoint from 9E. Then let -D(S, a, (3) be the free 
abelian group generated by {T>i, . . . , Dm }• This is of course isomorphic to Z'". We 
call an element of Z3(S,q;,/3) a domain. An element T) of Z™q is called a positive 
domain, we write P > 0. A domain V € D(Y,,a., (3) is called a periodic domain if 
the boundary of the 2-chain T' is a linear combination of full a- and /3-curves. 

Definition 2.14. A balanced diagram (E,q;,/3) is called admissible if every peri- 
odic domain 7^ 7^ has both positive and negative coefficients. 

The following proposition is [H Corollary 3.12]. 

Proposition 2.15. //(A/, 7) is a balanced sutured manifold such that 

H2{M;Z) ^ 

and if (I],q;,/3) is an arbitrary balanced diagram defining (M , 7) then there are 
no non-zero periodic domains in D[Y,,a., f3). Thus any balanced diagram defining 
{M, 7) is automatically admissible. 

For a surface S let Sym''(I]) denote the d-fold symmetric product 'S^'^/Sd- This is 
a smooth 2(i-manifold. A complex structure j on S naturally endows Sym''(E) with 
a complex structure. Let (S, a, (3) be a balanced diagram, where a = { ai, . . . , } 
and (3 = {Pi,. . . ,(3d}. Then the tori = (ai x • • • x ad)/Sd and T p — {Pi x ■ ■ ■ x 
Pd)/Sd are c?-dimensional totally real submanifolds of Sym'*(E). 

Definition 2.16. Let x,y S TaflT^. A domain!? G D{Ti,<y.,(3) is said to connect 
X io y if for every \ < i < d the equalities d{ai n dV) = (x n ai) — (y H ai) and 
d{p.i n dV) = (x n /3i) - (y n Pi) hold. We are going to denote by £'(x, y) the set 
of domains connecting x to y. 

Notation 2.17. Let D denote the unit disc in C and let ei = { z G 9D: Re(z) > } 
and 62 = { z e aO: Re(z) < }. 

Definition 2.18. Let x, y G n be intersection points. A Whitney disc 
connecting x to y is a continuous map m: ID — > Sym'^(I]) such that u{—i) — x, 
u(i) = y and u{ei) C Ta, u{e2) C T^. Let 7r2(x, y) denote the set of homotopy 
classes of Whitney discs connecting x to y. 

Definition 2.19. If z G S \ (IJ a U IJ /3) and if u is a Whitney disc then choose 
a Whitney disc u' homotopic to u such that u' intersects the hypersurface {z} x 
Sym''~^(E) transversally. Define nz{u) to be the algebraic intersection number 
w'n({z} X Sym'^-^S)). 
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Definition 2.20. Let Pi, . . . jVm be as in Definition 12.131 For every 1 < i < m 
choose a point Zi G P;. Then the domain of a Whitney disc u is defined as 

m 

P(u) e i?(S,a,/3). 

1=1 

If S 7r2(x, y) and if m is a representative of tlie liomotopy class then let P((/)) = 
V{u). 

Definition 2.21. We define the Maslov index of a domain T) G a,/3) as 

follows. If there is a homotopy class of Whitney discs such that — T) then 

let = Otherwise we define /^(I?) to be —oo. Furthermore, let M.{T>) 

denote the moduli space of holomorphic Whitney discs u such that = T) and 

let M{V) = A^(P)/R. 

Let (M, 7) be a balanced sutured manifold and (E, ct, /3) an admissible balanced 
diagram defining it. Fix a coherent system of orientations as in [141 Definition 
3.11]. Then for a generic almost complex structure each moduli space AA{T>) is a 
compact oriented manifold of dimension /i(X') — 1. We denote by CFiYj^a., fS) the 
free abelian group generated by the points of flT^. We define an endomorphism 
d : CF{Y., cx, f3) ^ CF{Yj, a, (3) such that on each generator x G n T/3 it is given 
by the formula 

9x= ^ E #M{V)-y. 

yGT„n T,j { r>e_D(x,y) : tJ.(V) = l } 

Then (Ci^(E, a, (3), d) is a chain complex whose homology depends only on the un- 
derlying sutured manifold (M, 7). We denote this homology group by SFH{M,j). 
For the following see [HI Proposition 9.1] and [5^, Proposition 9.2]. 

Proposition 2.22. If Y is a closed connected oriented 3-manifold then 

SFH{Y{1)) « HF{Y). 

Furthermore, if L is a link in Y and L is an arbitrary orientation of L then 

SFH{Y{L)) Z2 « HFL{L). 

3. SpIN^ structures and relative ChERN CLASSES 

First we review the definition of a Spin*^ structure on a balanced sutured manifold 
(M, 7) that was introduced in [6j . Note that in a balanced sutured manifold none 
of the sutures are tori. Fix a Riemannian metric on A/. 

Notation 3.1. Let vq be a nowhere vanishing vector field along dM that points into 
M along i?_(7), points out of M along i?+(7), and on 7 it is the gradient of the 
height function 5(7) x I ^ I. The space of such vector fields is contractible. 

Definition 3.2. Let v and w be nowhere vanishing vector fields on M that agree 
with Vq on dM. We say that v and w are homologous if there is an open ball 
B C Int(Af) such that v\{M \ B) is homotopic to w\{M \ B) through nowhere 
vanishing vector fields rel dM. We define Spin^(Af, 7) to be the set of homology 
classes of nowhere vanishing vector fields v on M such that v\dM — vq. 
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Definition 3.3. Let (M, 7) be a balanced sutured manifold and (S,q:,/3) a bal- 
anced diagram defining it. To each x S n Tp we assign a Spin'^ structure 
s(x) € Spin°(M, 7) as follows. Choose a Morse function f on M compatible with 
the given balanced diagram (5],a,/3). Then x corresponds to a multi-trajectory 
7x of grad(/) connecting the index one and two critical points of /. In a regular 
neighborhood N{j:x.) we can modify grad(/) to obtain a nowhere vanishing vector 
field V on M such that v\dM = vq- We define s(x) to be the homology class of this 
vector field v. 

Proposition 3.4. The vector bundle Vq over dM is trivial if and only if for every 
component F of dM the equality x(F n R+ij)) = x{P -^-(7)) holds. 

Proof Since v^\R+{j) = TR+{j) and v^\R-{-f) = -TR_{^) we get that 

( e{vi\F), [F] ) = x{Fn i?+(7)) - xiF n R.{^)). 

Furthermore, the rank two bundle Vq\F is trivial if and only if its Euler class 
vanishes. □ 

Definition 3.5. We call a sutured manifold (M, 7) strongly balanced if for every 
component F of dM the equality xiF n -R+(7)) = x(-F n R-{j)) holds. 

Remark 3.6. Note that if (M, 7) is balanced then we can associate to it a strongly 
balanced sutured manifold (M' , 7') such that {M, 7) can be obtained from (M' , 7') 
by a sequence of product decompositions. We can construct such an (M',7') as 
follows. If Fi and F2 arc distinct components of dM then choose two points pi G 
s(7) n Fi and P2 £ .5(7) H F2. For z = 1, 2 let be a small neighborhood of pi 
homeomorphic to a closed disc. We get a new sutured manifold by gluing together 
Di and D2. Then (Af, 7) can be retrieved by decomposing along Di ^ D2. By 
repeating this process we get a sutured manifold (M',7') with a single boundary 
component. Since (M, 7) was balanced (M',7') is strongly balanced. By adding 
such product one-handles we can even achieve that 7 is connected. 

Definition 3.7. Suppose that (M, 7) is a strongly balanced sutured manifold. Let 
f be a trivialization of Vq and let s G Spin'' (M, 7). Then we define 

Ci{s,t)€H'^{M,dM;Z) 

to be the relative Euler class of the vector bundle v-^ with respect to the trivial- 
ization t. In other words, Ci{s,t) is the obstruction to extending t from dM to a 

trivialization of over M. 

Definition 3.8. Let 5 be a decomposing surface in a balanced sutured manifold 
(M, 7) such that the positive unit normal field vs of S is nowhere parallel to vq 
along dS. This holds for generic S. We endow dS with the boundary orientation. 
Let us denote the components oi dS by Ti, ... ,Tk. 

Let Wo denote the projection of vo into TS, this is a nowhere zero vector field. 
Moreover, let / be the positive unit tangent vector field of dS. For 1 < i < k we 
define the index I{Ti) to be the number of times wq rotates with respect to / as 
we go around Tj. Then define 

k 

i{s) = Y.i{n). 
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Wo 



f 

Figure 1. If T {Z; 7 then the index /(T) is -|r n s(7)|/2. 

Let p{vs) be the projection of vs into v^. Observe that p{vs)\dS is nowhere 
zero. For 1 < i < fc we define r(Ti,t) to be the rotation of p{i/s)\dTi with respect 
to the trivialization t as we go around Tj. Moreover, let 

k 

We introduce the notation 

c{S,t)^x{S)+I{S)-r{S,t). 

Lemma 3.9. Let (Af, 7) be a balanced sutured manifold and let S be a decomposing 
surface as in Definition \3.8[ 

(1) If T is a component of dS such that T ^ 7 then 

,m ^ -^^^ 

(2) Suppose that Ti, . . . ,Ta are components of dS such that T = TiU- • -UTq C 7 
is parallel to 3(7) and vs points out of M along T . Then I{Tj) = for 
1 ^ J !i a; moreover, 

a 

J2r{T,,t)^x{R+m- 

J=l 

Proof. First we prove part (1). We can suppose that wq is tangent to T exactly at 
the points of dT (1 3(7). Then at a point p £ T H 5(7) we have wo/\wq\ = / if and 
only if T goes from R-{'y) to R+ij) and in that case wo rotates from the inside of 
S to the outside, see Figure [T] Thus wq rotates — |r n 5(7) |/2 times with respect 
to / as we go around T. 

Now we prove part (2). Let I < j < a. Since 1/3 points out of M along Tj we 
get that wq points into S along Tj. So wq and / are nowhere equal along Tj, and 
thus /(Tj) = 0. 

Since T is parallel to 5(7) it bounds a surface TZ+ C dM which is diffeomorphic 
to i?+(7) and contains R+{j). Since vs points out of M along T there is an isomor- 
phism i: Vq\TZ+ TTi+ such that i{p{vs)) is an outward normal field of ?<!.+ along 
dTZ+. Moreover, i{t\R.+ ) gives a trivialization of TTi+. Using the Poincare-Hopf 
theorem we get that p{vs) rotates x(7^+) = x{R+{l)) times with respect to t as 
we go around T. □ 
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Recall that wc defined the notion of an outer Spin'^ structure in Definition 11.11 

Lemma 3.10. Suppose that (M, 7) is a strongly balanced sutured manifold. Let t 
he a trivialization of Vq , let s £ Spin'' {M , ■y) , and let S be a decomposing surface in 
(M, 7) as in Definition \3.8[ Then 5 is outer with respect to S if and only if 

(3.1) (ci(s,t),[5])=c(5,i). 

Proof. Endow M with an arbitrary Riemannian metric. First we show that if 
s G Os then eauation l3.1l holds. Using the naturality of Chern classes it is sufficient 
to prove that if w is a unit vector field over S that agrees with over dS and is 
nowhere equal to —vs then {ci{v-^ ^t), \S] ) — c{S,t). 

If we project 1/3 into we get a section p{vs) of that vanishes exactly 
where vs — v. We can perturb v slightly to make all tangencies between and S 
non-degenerate. Let e and h denote the number of elliptic, respectively hyperbolic 
tangencies between and S. At each such tangency the orientation of and TS 
agree. Thus {ci[v^ ,ti),[S]) — e — h, where ti = p{i^s)\dS. Since 

{ci{v^,t,) - Ci{v^,t),[S]) = r{S,t) 

we get that 

{c,iv^,t),[S])=e-h-r{S,t). 

On the other hand, if we project v into TS we get a vector field w on S that 
is zero exactly at the points where 1/5 = w as well. Note that w has index 1 
exactly where and S have an elliptic tangency and has index —1 at hyperbolic 
tangencies. Moreover, w\dS = wq. If we extend / to a vector field /i over S the 
sum of the indices of /i will by x{S) by the Poincare-Hopf theorem. Putting these 
observations together we get that 

I{S)^{e~h)~x{S). 

So we conclude that 

( ci{v^,t), [S] ) = x{S) + I{S) - r{S, t) = c{S, t). 

Now we prove that if for 5 G Spin'^(M, 7) equation 13.11 holds then s S Os- 
Let STM denote the unit sphere bundle of TM. Then vo\dS is a section over 
dS of {STM\S) \ {—I's), which is a bundle over S with contractible fibers. Thus 
vo\dS extends to a section vi: S ^ STM\S that is nowhere equal to —i^s- In 
the first part of the proof we showed that for such a vector field vi the equation 
(ci«,t), [S])=c{S,t) holds. 

Let v' be a unit vector field over M whose homology class is s and let v — v'\S. 
Since s satisfies equation 13.11 we get that 

{c,{v^,t)~c,{vi,t),[S])^0. 

The obstruction class o{v, Wi) G H^{S, dS; Z) vanishes if and only if the sections v 
and Vi of STM\S are homotopic relative to dS. A cochain representing o{v,Vi) 
can be obtained as follows. First take a triangulation of 5' and a trivialization 
of STM\S. Then v and vi can be considered to be maps from S to S"^. One can 
homotope v rel dS to agree with vi on the one-skeleton of S. The value of o on a 
2-simplex A is the difference of w|A and fi|A, which is an element of 7r2(S'^) « Z. 
Since 2o(f;,f;i) = ci{v^,t) — ci{v^,t) and H'^{S,dS;Z) is torsion free we get that 
o{v,vi) = 0, i.e., V is homotopic to fi rel dS. By extending this homotopy of v' 
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fixing v'\dM we get a vector field v'-^ on M tliat agrees with vi on S. Thus s can be 
represented by the vector field v'l that is nowhere equal to —vs^ and so s G Os- □ 

In light of Lemma 13.101 we can reformulate Theorem 11.31 for strongly balanced 
sutured manifolds as follows. 

Theorem 3.11. Let (M, 7) he a strongly balanced sutured manifold; furthermore, 
let {M,j) -w^ (M',7') be a sutured manifold decomposition. Suppose that S is open 
and for every component V of R{'y) the set of closed components of S ClV consists 
of parallel oriented boundary- coherent simple closed curves. Choose a trivialization 
t of Vq. Then 

SFH{M',i)^ SFH{M,^,5). 

4. Finding a balanced diagram adapted to a decomposing surface 

Definition 4.1. We say that the decomposing surfaces So and 5*1 are equivalent if 
they can be connected by an isotopy through decomposing surfaces. 

Remark 4.2. During an isotopy through decomposing surfaces the number of arcs 
of 5*07 can never change. Moreover, if Sq and are equivalent then decomposing 
along them give the same sutured manifold. 

Definition 4.3. A balanced diagram adapted to the decomposing surface S in 
(M, 7) is a quadruple (S,q:,/3, P) that satisfies the following conditions. (I],q:,/3) 
is a balanced diagram of (A/, 7); furthermore, P C S is a quasi-polygon (i.e., 
a closed subsurface of S with polygonal boundary) such that P n dT, is exactly 
the set of vertices of P. We are also given a decomposition dP = AU B, where 
both A and B arc unions of pairwise disjoint edges of P. This decomposition has 
to satisfy the property that a fl P = and P H A = $ for every a G a. and 
(3 £ (3. Finally, S is given up to equivalence by smoothing the corners of the surface 
(P X {1/2}) U (A X [1/2,1]) U (P X [0,1/2]) C (A/, 7) (see Definition UlUl) • The 
orientation of S is given by the orientation of P C S. We call a tuple (E, a, /3, P) 
satisfying the above conditions a surface diagram. 

Proposition 4.4. Suppose that S is a decomposing surface in the balanced sutured 
manifold (M, 7). If the boundary of each component of S intersects both R^{^) and 
R-i^j) (in particular S is open) and dS has no closed component lying entirely in 
7 then there exists a Heegaard diagram of (M, 7) adapted to S. 

Proof. We are going to construct a self-indexing Morse function / on M with no 
minima and maxima as in the proof of [6l Proposition 2.13] with some additional 
properties. In particular, we require that /|P_(7) = —1 and /|P+(7) = 4. Fur- 
thermore, /I7 is given by the formula p2 o ip^ where ip: ^ —>■ 5(7) x [—1,4] is a 
diffeomorphism such that (p{s{'jj) = s{j) x {3/2} and P2 : s{j) x [—1,4] [—1,4] 
is the projection onto the second factor. We choose (p such that each arc of S* fl 7 
maps to a single point under pio p: 7 — > 5(7). 

We are going to define a quasi-polygon P C S such that S n 5(7) is the set of 
vertices of P, see Figured Let Ki, . . . , Km+n be the closures of the components of 
dS \ 3(7) enumerated such that Ki is an arc for 1 < i < m and Ki is a circle for 
m + 1 < i < m + n. 
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For every I < i < m choose an arc Li whose interior Ues in int(S') parallel to 
Ki and such that dLi = dKi. Moreover, let Di be the closed bigon bounded by Ki 
and Li and define K'i = Kid Ri'f). Also choose a diffeomorphism di: Di ^ I x I 
that takes K'^ to I x {0} and Li to I x {1} and such that for each t G [0, 1] we have 
/ o d~^{0, t) = f o d^^{l, t). Note that / is already defined on dM. We define / on 
Di by the formula 

!{d-\uA)) = f{d-\QA)). 
Ifm+1 <i<m + n then let Li be a circle parallel to Ki lying in the interior 
of S. Let Di be the annulus bounded by Ki and Li. Choose a diffeomorphism 

di-.Di^S^x Ji, 

where Ji = [3/2,4] if Ki c R+ij) and Ji = [—1,3/2] otherwise. In both cases we 
require that di{Li) = 3/2. Then let f\Di = tt2 o di, where tt2'- x Ji Ji is the 
projection onto the second factor. 
We take 

dP= [j Li, 

i=\ 

and Li will be an edge of dP for every 1 < i < m + n. The decomposition dP = 
Au B is given by taking A to be the union of those edges Li of dP for which 

KinR+{j)^9. 

Let P be the closure of the component of S \ dP that is disjoint from dS. For 
p e P let f{p) = 3/2. Note that the function /jS" is not smooth along dP, so we 
modify S by introducing a right angle edge along dP (such that we get back S after 
smoothing the corners). There are essentially two ways of creasing S along an edge 
Li of P. Let vp = vs\P he the positive unit normal field of P in M. If Li d A then 
we choose the crease such that vp\Li points into Di and if Li G B then we require 
that i'p\Li points out of Di. 

Now extend / from dM U 5 to a Morse function /o on M. Then 

P = Snf^\3/2). 
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Wc choose the extension /o as follows. For 1 < i < m + n let N{Di) be a regular 
neighborhood of and let Tj: N{Di) Di x [—1, 1] be a diffeomorphism. Then 
for {x,t) e A X [-1,1] let 

/o(2;-i(x,<))=/(x). 

Due to the choice of the creases we can define /o such that grad(/)|i-' —i^s- Thus 
we have achieved that for each a ^ A the gradient flow line of /o coming out of 
a ends on i?+(7) and for each b G B the negative gradient flow line of /o going 
through b ends on R^(j). 

By making /o self-indexing we obtain a Morse function /. Suppose that the 
Heegaard diagram corresponding to / is (S,a,/3). We have two partitions ot = 
ctQ U a.1 and (3 = /3q U /3]^, where curves in ai correspond to index one critical 
points p of /o for which fo{p) > 3/2 and (3i comes from those index two critical 
points q of /o for which fo{q) < 3/2. Then /-i(3/2) differs from fo\3/2) as 
follows. Add an component to /g'^(3/2) for each index zero critical point of /o 
lying above 3/2 and for each index three critical point of /o lying below 3/2. Then 
add two-dimensional one-handles to the previous surface whose belt circles are the 
curves in ai U /J^. 

Let P' ^ Sn f-'^{3/2). Then dP' is the union of dP and some of the feet of 
the additional tubes. Next we are going to modify P' such that it becomes disjoint 
from these additional tubes and it defines a surface equivalent to S. 

Let 5*0 be a component of S and let Pq — P' (1 So- Since dSo intersects both 
R+{j) and R- (7) we see that AhPq 7^ and B fl Pq 7^ 0. Because So is connected 
Pq is also connected. Note that for a G cci we have aflP' = 0. Thus wc can achieve 
using isotopies that every arc of a n P' for each a G ccq intersects A. Indeed, for 
every component Pq of P' choose an arc (po C Pq whose endpoint lies on A and 
intersects every a- arc lying in Pq. Then simultaneously apply a finger move along 
ifo to all the a- arcs that intersect (po- Similarly, we can achieve that each arc of 
(3 DP' for every (3 £ f3o intersects B. This can be done keeping both the a- and the 
/3-curves pairwise disjoint. 

Let F C dP' be the foot of a tube whose belt circle is a curve ai € cui. Pick 
a point p G F. Since every arc of /? fl P' for /3 G /3q intersects B each component 
of P' \ (U/3o) intersects B. Thus we can connect p to B with an arc (f lying in 
P' \ (U/3). Now handleslide every a G ckq that intersects (fi over ai along (p. Then 
we can handleslide B over ai along ip. To this handleslide corresponds an isotopy 
of 5* through decomposing surfaces such that S fl /~^(3/2) changes the required 
way (given by taking the negative gradient flow lines of / flowing out of B). Thus 
we have removed F from P'. The case when the belt circle of the tube lies in is 
completely analogous. By repeating this process we can remove all the additional 
one-handles from P'. Call this new quasi-polygon P. 

Finally, cancel every index zero critical point with an index one critical point 
and every index three critical point with an index two critical point and delete the 
corresponding a- and /3-curves. The balanced diagram obtained this way, together 
with the quasi-polygon P, defines S. □ 

Lemma 4.5. Let (M, 7) (M',7') be a surface decomposition such that for 

every component V of R{"/) the set of closed components of S Cl V consists of 
parallel oriented boundary- coherent simple closed curves. Then S is isotopic to a 
decomposing surface S' such that each component of dS' intersects both R+ (7) and 
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i?-(7) and decomposing (Af, 7) along S' also gives (M',7'). Furthermore, Os = 
Os'. 

Proof. We call a tangency between two curves positive if their positive unit tangent 
vectors coincide at the tangency point. Our main observation is the following. 
Isotope a small arc of dS on dM using a finger move through 7 such that during 
the isotopy we have a positive tangency between dS and 5(7) (thus introducing two 
new intersection points between dS and 5(7)). Let the resulting isotopy of dS be 
{ St :0<i<l}. Attach the collar dM x / to M to get a new manifold Af and 
attach Utg/(st x {t}) to S to obtain a surface 5 C M. Then decomposing 

(M,7x{l})«(A/,7) 

along S we also get {M',j'), see Figure [31 Furthermore, S is isotopic to S. 

Let 7o be a component of 7 such that 70 n dS consists of closed curves cri , . . . , Cfe . 
First isotope S in a neighborhood of dS D 70 through decomposing surfaces such 
that after the isotopy cti, . . . ,(Tfe are all parallel to 5(7) and vs points out of M 
along dS D 70. This new decomposing surface is equivalent to the original. Then 
isotope CTi, . . . jfj/c into R-{j). Decomposing along S still gives (Af',7'). Let 6 be 
an oriented arc that intersects tii . . . ,crfc, and 3(7) exactly once and its endpoint 
lies in i?_(.(7). Applying a finger move to ai, . . . , (7^ simultaneously along S we get 
a positive tangency between each tTj and 3(7) since they are oriented coherently. 

Let y be a component of R{j) and let Ci, . . . ,Ck be the parallel oriented closed 
components of SCiV. Choose a small arc T that intersects every Q in a single point. 
Let dT = {x,y}. First suppose that [Ci] 7^ in Hi{V:Z). Then we can connect 
both X and y to 5(7) by an arc whose interior lies in dM \ {dS U 3(7)). This is 
possible since Ci does not separate dV and now dS fl 7 has no closed components. 
This way we obtain an arc 5 C dM such that for every 1 < i < k we have |(5nCi| = 1 
and dS — S n 5(7); moreover, 

6ndS = Sn{ClU■■■UCk)■ 
Keca\\ that 5(7) is oriented coherently with dV (this is especially important if 3(7) 
is disconnected and S connects two distinct components of 5(7)) and the curves 
Ci , . . . , Cfe are also oriented coherently. Thus with exactly one of the orientations 
of S if we apply a finger move to all the Ci simultaneously we get a positive tangency 
between each d and dV, and thus also 5(7). 

Now suppose that [Ci] = in Hi{V;Z) and Ci is oriented as the boundary of 
its interior. Then exactly one of x and y can be connected to 3(7) by an arc So 
whose interior lies in dM \ {dS U 5(7)). The arc T U i5o defines an oriented arc 5 
whose endpoint lies on s{j). If we apply a finger move to each Ci along S we get 
positive tangencies with 5(7) because every Ci is oriented as the boundary of its 
interior and s{j) is oriented coherently with respect to dV. 

Continuing this process we get a surface S" isotopic to S such that each compo- 
nent of dS' intersects 3(7) and decomposing (Af, 7) along S" we still get (Af',7'). 

To show that Os = Os' first observe that if Sq and Si are equivalent then 
Oso — Osi ■ Now suppose that for some component 70 of 7 the components of 
dS n 70 are curves (Ti, . . . , dfe parallel to 3(7) such that vs points out of M along 
them. Moreover, suppose that S' only differs from S by isotoping cri, . . . , Cfc into 
R-{'j). If s is a Spin'^ structure and w is a vector field representing it, then in a 
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Figure 3. Making a decomposing surface good. 



standard neighborhood of 70 we have v ^ ^vg and v ^ ^vs'- So s G O5 if and 
only if s e Os' ■ 

Thus we only have to show that Os = 0$' when S and S' are related by a 
small finger move of dS that crosses 5(7) through a positive tangency. Let s be a 
Spin'^ structure on (M, 7) and v a vector field representing it. Then in a standard 
neighborhood U of the tangency point we can perform the isotopy such that in U 
we have v ^ ii's; furthermore, and S' only have a single hyperbolic tangency, 
where v = vs (see Figure |3]) . Thus s G Os if and only if s € Os' ■ Note that if 
the tangency of dS and 5(7) is negative during the isotopy then at the hyperbolic 
tangency v = —vs'- 

If (M, 7) is strongly balanced then Os ~ Os' also follows from Lemma 13.101 
Indeed, (ci(5,t), [S] ) is invariant under isotopies of S. As before, we can suppose 
that the closed components of (95 n 7 are parallel to 5(7) and vs points out of M 
along them. In the above proof / and r are unchanged when we isotope cr^ from 
7o to R-i'j) since we can achieve that i/s and v are never parallel along dS, so / 
and r change continuously. When we do a finger move / decreases by 1 according 
to part (1) of Lemma [3^ and r also decreases by 1, as can be seen from Figure [3l 



Definition 4.6. We call a decomposing surface S C (M, 7) good if it is open and 
each component of dS intersects both R+{'j) and R-{'j). We call a surface diagram 
(E, ct, /3, P) good if A and B have no closed components. 

Remark 4.7. Because of Lemma [4.51 it is sufficient to prove Theorem 11.31 for good 
decomposing surfaces. According to Proposition 14.41 for each good decomposing 
surface we can find a good surface diagram adapted to it. 

Proposition 4.8. Suppose that S is a good decomposing surface in the balanced 
sutured manifold (M, 7). Then there exists an admissible surface diagram of {M,j) 
adapted to S. 

Proof. According to Remark 14.71 we can find a good surface diagram {T,, ot, p, P) 
adapted to S. 

Here we improve on the idea of the proof of [SJ Proposition 3.15]. Choose pairwise 
disjoint arcs 71, . . . , 7fe C S \ i? whose endpoints lie on i9E and together generate 
Hi{'E,\B, d{T,\B); Z). This is possible because each component of intersects 
dT,. Choose curves 7^ , . . . , 7^ such that 7^ and 7- are parallel and oriented oppositely. 

Then wind the a curves along 71 , 7^ , . . . , 7^. , 7^ as in the proof of [6l Proposition 
3.15]. A similar argument as there gives that after the winding (E,q;,/3) will be 
admissible. Note that every a € a lies in S \ J5. Thus if a linear combination A of 



Thus c{S,t) = c{S',t). 



□ 
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Figure 4. Balanced diagrams before and after a surface decomposition. 

a-curves intersects every 7^ algebraically zero times then A is null-homologous in 
S \ -B, and thus also in E. Since the winding is done away from B the new diagram 
is still adapted to S. □ 

5. Balanced diagrams and surface decompositions 

Definition 5.1. Let (S, a, f3, P) be a surface diagram (see Definition l4.3p . Then we 
can uniquely associate to it a tuple D{P) = (E' , a', /3', Pa, Pb,p), where (S', a.' ,(3') 
is a balanced diagram, p: E' ^ S is a smooth map, and Pa, Pb C E' are two closed 
subsurfaces (see Figure EJ. 

To define E' take two disjoint copies of P that we call Pa and Pb together 
with diffeomorphisms pA '■ Pa — * P and pB ■ Pb ^ P- Cut E along dP and remove 
P. Then glue A to Pa using p^^ and B to Pb using p]^^ to obtain E'. The map 
p: E' ^ E agrees with pA on Pa and pb on Pb, and it maps E' \ (P4 U Pb) to 
E \ P using the obvious diffeomorphism. Finally, let a' — {p~^{a) \ Pb : a G a } 
and P' ^{p-\P)\Pa: Pe/3}. 

D[P) is uniquely characterized by the following properties. The map p is a local 
diffeomorphism in int(E'); furthermore, p~^(P) is the disjoint union of Pa and Pb- 
Moreover, p\Pa- Pa ^ P, and p\Pb'- Pb P, and also 

p|(E' \ {Pa U Pb)) : E' \{PaU Pb) ^ E\ P 

are diffeomorphisms. Furthermore, p(int(E') n OPa) = int(j4) and p(int(E') n 
5Pb) = int(B). Finally, p\{Ua') : U a' —> Ua and p|(U/3') : U j3' Uj3 are diffeo- 
morphisms. Thus (Ua') n Pb = and (U/3') n Pa = 0. 

There is a unique holomorphic structure on E' that makes the map p holomor- 
phic. Since p is a local diffeomorphism in int(E) it is even conformal. 

So p is 1 : 1 over E \ P, it is 2 : 1 over P, and a curves are lifted to Pa and f3 
curves to Pb- 
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Proposition 5.2. Let (Af, 7) be a balanced sutured manifold and 

(Af,7) (M',y) 

a surface decomposition. If {"E, a, (3, P) is a surface diagram adapted to S and 
if D{P) — (Y.' ,cy^' , f3' , Pa, Pb,p) then {T,',a',/3') is a balanced diagram defining 
(M',7'). 

Proof. Let (Afi,7i) be the sutured manifold defined by the diagram (S', a', /3'). 
We are going to construct an orientation preserving homeomorphism h: {Mi, 71) —> 
(M',7') that takes i?+(7i) to i?+(7'). Figure [5] is a schematic illustration of the 
proof. 

Let Na and Nb be regular neighborhoods of Pa and Pb in S' so small that 
a' n Nb = and P' n Na ^ ^ for every a' £ a' and (3' e (3' . Furthermore, let 
N = Na U Nb- Define A: E' ^ / to be a smooth function such that A (a;) = 1 for 
a; e S' \ iV and A(a;) = 1/2 for a; e Pa U Pb. Moreover, let /i: S' ^ / be a smooth 
function such that fi{x) ~ 1 — X{x) for x G Nb and = for x G E' \ Nb- 

The homeomorphism h is constructed as follows. For {x, t) E Y.' x I let 

h{x, t) = {p{x), ^{x) + \{x)t) . 

Since for every a; G S' and t E I the inequality < ii{x) + \{x)t < 1 holds the 
map h takes S' x / into E x / C (Af, 7). Choose an a' G a' and let a — p{a') G a. 
Let Dq,' be the 2-handle attached to E' x / along a' x {0} and Da the 2-handle 
attached to S x / along a x {0}. Since a' n Nb — and because /i(a:) + A(a:) -0 = 
for a; G E' \ Nb we see that h{a' x {0}) = a x {0}. Thus h naturally extends to a 
map from (E' x /) U D^' to (E x /) U . Similarly, for /?' G /3' we have n iV^ = 0- 
Furthermore, ^(a;) + A(a;) -1 = 1 for a; G E' \ Na. Thus h also extends to the 
2-handles attached along the /^-curves. So now we have a local homeomorphism 
from (Afi,7i) into (AT, 7). 

Recall that S C (Af, 7) is equivalent to the surface obtained by smoothing 

(P X {1/2}) U (A X [1/2, 1]) U (P X [0, 1/2]) C E X /. 

Since h{NB x {Q})iJh{N a x {1}) is a smoothing of the above surface we can assume 
that it is in fact equal to S. Indeed, for x G Pa we have that /i(a;) + A(a;) -1 = 1/2 
and for x G Pb the equality n{x) + X{x) -0 = 1 — A(a:) = 1/2 holds. Moreover, 
p{dNA \ 9E') = A' is a curve parallel to A, thus for x G ONa \ 9E' we have 
h{x, 1) e A' X {1}. Similarly, h{x, 0) G P' x {0} for x G ONb \ ^E', where P' is a 
curve parallel and close to P. 

Let Ea C E X / be the set of points {y, s) such that y = p(a;) for some x G Na\Pa 
and s > /i(a;) + A(a;). Define Eb C E x / to be the set of those points {y, s) such 
that y — p{x) for some x G Nb \ Pb and s < ^{x). Now we are going to show that 
the map 

/i|(E' xI\{PaX {1} U Pb X {0})) ^ (E x /) \ (5 U P^ U Eb) 

is a homeomorphism by constructing its continuous inverse. Let 

{y,s) G (E x/)\(5UPaUPb). 

If y G E\p(iV) then h-'^{y,s) = (p-i(y),s). If y G P and s < 1/2 then h^'^{y,s) = 
(p-i(y) n Pa, 2s) and for s > 1/2 we have h-^{y,s) = (p"^(y) n Pb,2s - 1). In 
the case when y G p{Na \ Pa) and s < pL{x) + A(a;) we let h^^{y, s) = (a;, t), where 
a: = P~^{y) and t = {s — fi{x))/X{x) < 1. Note that here fi{x) = 0, and thus t > 0. 
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Figure 5. The left hand side shows the homeomorphism h. On 
the right we can see the functions A and /i. 

Finally, for y G p{Nb \ Pb) and s > y,{x) define h{y, s) — {x, t), where x = p^^{y) 
and t = {s — fj.{x))/X{x) > 0. Here t < 1 because s < I and fi{x) = 1 — A(x). 

Recall that we defined the surfaces S'^ and 5"^ in Definition 12.71 Since S is 
oriented coherently with P x {1/2} thickening S'^ ni?„(7) in dM' can be achieved 
by cutting off its neighborhood Eg and taking B x [0, 1/2] C dEg to belong to 7'. 
Similarly, Ej^ is a neighborhood of S'_ fl -^+(7) in M', and cutting it off from M' 
we can add A x [1/2, 1] to 7'. Thus we can identify M' with the metric completion 
of M\{SUEaUEb) and 7' with (7 n Af) U {A x [1/2, 1])U (B x [0,1/2]). 

What remains is to show that /i(7i) = 7'. If a; £ \ (P4 U Pb) then for any 

i £ / we have 

h{x, t) = + \{x)t) £70 M' C 7' 

because p{x) e 91]. On the other hand, for x £ 91]' fl Pa and t ^ I we have 
h{x,t) £ i? x [0,1/2], which is part of 7' by the above construction. The case 
X £ 9S' n Pb is similar. □ 

Definition 5.3. Let (S,q:,/3, P) be a surface diagram. We call an intersection 
point X £ TaOTp outer if xflP = 0. We denote by Op the set of outer intersection 
points. Then Ip = (Tq n T^) \ Op is called the set of inner intersection points. 

Lemma 5.4. Let (A/, 7) ~~>'^ (Af',7') be a surface decomposition and suppose that 
{T,, a, (3, P) is a surface diagram adapted to S. Let x £ Tq H T^. Then x £ Op if 
and only i/s(x) £ O5. Furthermore, if D{P) = (Y^' ,0.' , f3' , Pa, Pb,p) then p gives 
a bijection between T^' H T^' and Op. 

Proof. Let / be a Morse function on M compatible with the diagram (S,q;,/3). If 
X £ Op then the multi-trajectory 7x (see Definition 13. 3p is disjoint from S. Conse- 
quently, the regular neighborhood iV(7x) can be chosen to be disjoint from S. Thus 
s(x) can be represented by a unit vector field that agrees with grad(/) / ||grad(/) || 
in a neighborhood of S. Since the orientation of S is compatible with the orientation 
of P C S, even after smoothing the corners of (P x {1/2}) U {A x [1/2, 1]) U (P x 
[0, 1/2]) we have that v is nowhere equal to —i^s- So we see that s(x) £ Os- 
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Now suppose that x £ Ip. Let 7x be the muhi-trajectory associated to x. Since S 
is open its tangent bundle TS is trivial. Thus there is a trivialization r = (ri, T2, T3) 
of TM\{S U iV(7x)) such that t^IS = us and {ti\S, T2\S) is a trivialization of TS. 
The Spin'^ structure s(x) can be represented by a unit vector field v such that 
v\{M \ 7V(7x)) agrees with 

grad(/)|(Af \jV(7x)) 
^ ||grad(/)|(M\7V(7x))ir 

If V was outer then for any ball C M \ S the vector field v\{M \ B^) would be 
homotopic through unit vector fields rel dM to a field v' such that v'\S is nowhere 
equal to ~vs- So to prove that s(x) ^ Os it is sufficient to show that v\S is not 
homotopic through unit vector fields rel dS to a vector field v' on S that is nowhere 
equal to ~vs- In the trivialization r we can think of v\{S U N(^^)) as a map from 
S U iV(7x) to iS^ and —1/5 corresponds to the South Pole s € S^. If we put S in 
generic position vq — v\dM is nowhere equal to —vs- Thus v maps dS into S'^ \ {s}. 

Let x G X and let be the component of 7x containing x. Then 7^; n S" = if 
X ^ P and 7a; n S" = {x} if a; € P. So suppose that x G P. We denote N{'jx) by 
B and let B+ and i3_ be the closures of the two components of i? \ S"; an index 
one critical point of / lies in B- and an index two critical point in _B+. Moreover, 
let D± — dB± \ S. The vector field grad(/)|-B is a map from B to in the 
trivialization r. Let 

gi-^d{f)\dB± 
± ||grad(/)|9S±||' 

see Figure m Since B± contains an index ±1 singularity of grad(/) we see that 
#5^^(s) — ±f. Here # denotes the algebraic number of points in a given set. 
Since grad(/)|(5 fl B) is equal to vs we even get that #(6jj^(s) fl D±) = ±1. Let 
v± = V \dB±. Then #u±^(s) = because V is nowhere zero. The co-orientation of 
S is given by grad(/), so S H B C S is oriented coherently with Moreover, 
v\D^ = b-\D^, so we see that #(wZ\s) n S") = 1. We have seen that g\{S \ P) = 
v\{S\P) is nowhere equal to —I's- So we conclude that ^{v\S)~^{s) = |xnP|. Thus 
if X e /p then is not homotopic to a map S ^ S'^ \ {s} through a homotopy 
fixing dS. This means that s(x) ^ Os- 

The last part of the statement follows from the fact that p is a diffeomorphism 
between E'\(PaUPb) and Y.\P, furthermore (Ua')nPB = and {Uf3')nPA =0. □ 
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Remark 5.5. We can slightly simplify the proof of Lemma 15.41 when Op ^ 0. 
Suppose that x G /p and let y G Op be an arbitrary intersection point. Using 
[51 Lemma 4.7] we get that s(x) — s(y) = PD[jx ~ jy]. Since the co-orientation of 
P C S is given by grad(/) we get that 

(5(x) - s(y), [S] ) = |7x n 5| - |7y n 5| = |x n P| - |y n P| ^ 0. 

If 5(x) was outer then both s(x) and s(y) could be represented by unit vector 
fields that are homotopic over S rel OS since {STM\S) \ {—I's) is a bundle with 
contractible fibers. And that would imply that (s(x) — s(y), [S] ) = 0. Thus s{x) is 
not outer. 

Notation 5.6. We will also denote by Op and Ip the subgroups of CF(E,a,/3) 
generated by the outer and inner intersection points, respectively. 

Corollary 5.7. For a surface diagram ("E, a, (3, P) such that (T,,a,/3) is admis- 
sible the chain complex {CF{'Zi,OL,f3)^d) is the direct sum of the subcomplexes 
iOp,d\Op) and (/p,9|/p). 

6. An algorithm providing a nice surface diagram 

In this section we generalize the results of [15. to sutured Floer homology and 
surface diagrams. Our argument is an elaboration of the Sarkar-Wang algorithm. 
The basic approach is the same, but there are some important differences. The 
definition of distance had to be modified to work in this generality. Additional 
technical difficulties arise because when we would like to make a surface diagram 
nice we have to assure that the property ACi B = $ is preserved. Moreover, a oi (3 
might not span Z), which makes some of the arguments more involved. 

Definition 6.1. We say that the surface diagram (S,q:,/3, P) is nice if every 
component ofI]\(lJaUlJ/3UAUi?) whose closure is disjoint from dT, is a bigon 
or a square. In particular, a balanced diagram (E, a, (3) is called nice if the surface 
diagram (S, a, /3, 0) is nice. 

Definition 6.2. Let (S],q:,/3, P) be a surface diagram. Then a permissible move 
is an isotopy or a handle slide of the a-curves in E \ i? or the /3-curves in E \ A. 

Lemma 6.3. Let S be a surface diagram adapted to the decomposing surface S C 
(A/, 7). If the surface diagram S' is obtained from S using permissible moves then 
S' is also adapted to S. 

Proof. This is a simple consequence of the definitions. □ 

Theorem 6.4. Every good surface diagram S ~ (S, a, /3, P) can be made nice using 
permissible moves. If {Yi, ex, /3) was admissible our algorithm gives an admissible 
diagram. 

Proof Let A = {\Ja)U B and B = (IJ /3) U A. The set of those components of 
E \ (A U B) whose closure is disjoint from 9E is denoted by C{S). 

First we achieve that every element of C{S) is homeomorphic to D^. Let R{S) 
denote the set of those elements of C{S) which are not homeomorphic to and 
let a{S) — J2ReR(s)(^^ Choose a component R G R{S). Then iJi(P,9P) ^ 

0, thus there exists a curve {S,d6) C {R,dR) such that [S] ^ in Hi{R,dR). 
Moreover, we can choose 6 such that either 6(0) G IJ a and S{1) G B, or 5{0) G IJ /3 
and 5{1) G A, as follows. Since our surface diagram is good there are no closed 
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components of A and B, and note that A D B = 0. Furthermore, dR n A 7^ 
and dR fl B 7^ since otherwise R would give a hnear relation between either the 
a-curves or the /3-curves. So if dR is disconnected we can even find two distinct 
components C and C of dR such that C DA ^ 9 and C" n 1 7^ 0. Thus we can 
choose S such that 9(5 n A and dS (IM ^ (d. If 85 D A ^ (1} and 9(5 n S 7^ then 
move the endpoint of d lying on A to the neighboring (a-arc. Possibly changing the 
orientation of 6 we obtain a curve with the required properties. 

Now perform a finger move of the a- or /3-arc through (5(0), pushing it all the 
way along 6. Since R' — R\S is connected we obtain a surface diagram S' where 
R is replaced by a component homeomorphic to R' , plus an extra bigon. The 
homeomorphism type of every other component remains unchanged. Observe that 
x{R') = x{R) + li so we have a{S') = a{S) — 1. If we repeat this process we end up 
in a finite number of steps with a diagram, also denoted by 5, where a[S) — 0. Note 
that for every connected surface F with non-empty boundary we have x{F) ^ li 
and x{F) = 1 if and only if F w D^. Thus a{S) = implies that R{S) = 0. 

Next we achieve that every component D G C{S) is a bigon or a square. All the 
operations that follow preserve the property that R{S) — 0. 

Definition 6.5. If Z? is a component of E\ (AUB) then its distance d{D) from 91] 
is defined to be the minimum of |(^n (IJ aUlJ /3)| taken over those curves (/3 C S for 
which (^(0) e 9E and e int(D); furthermore, ip{t) e E \ (v4 U S) for < i < 1. 
If If passes through an intersection point between an a- and a /?-curve we count 
that with multiplicity two in |</j n (IJ o; U 1J/3)|. 

If -D G C{S) is a 2n-gon, then its badness is defined to be max{n — 2,0}. The 
distance of a surface diagram S is 



For d > the distance d complexity of the surface diagram S is defined to be 
the tuple 



where Di, . . . , Dm are all the elements of C{S) with d{D) ~ d and b{D) > 0, enu- 
merated such that b{Di) > • • • > b{Dm)- We order the set of distance d complexities 
lexicographically. Finally, let bd{S) — X^I^li b{Di). 

Lemma 6.6. Let S be a surface diagram of distance d{S) = d > and R{S) = 0. 
Then we can modify S using permissible moves to get a surface diagram S' with 
R{S') = 0, distance d{S') < d{S), and CdiS') < Cd(5). 

Proof. Let Di, . . . , Dm be an enumeration of the distance d bad elements of C{S) 
as in Definition 16.51 Then Dm is a 2n-gon for some n > 3. Let _D* be a component 
of E\ (AUB) with d{Df:) = d—1 and having at least one common a- or /3-edge with 
Dm- Without loss of generality we can suppose that they have a common /3-edge 
&*. Let oi, . . . , a„ be an enumeration of the edges of Dm lying in A starting from 
and going around dDm counterclockwise. 

Let 1 < i < n. We denote by . . . , i?*^' the following distinct components of 
E \ (A U B). For every 1 < j < h — 1 the component Rj is a square of distance 
d{Ri) > d, but R^' does not have this property. Furthermore, Oi H R} ^0 and 
Rj n Rj^ C A for 1 < j < fci — 1. Then R^^ is either a bigon or a component 



d{S) = max{ d{D) : D e C{S),b{D) > }. 
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of distance d{R'l^) < d. Note that it is possible that — Dm, in which case 
= i?f'"^ for some a; C i?^"^ n and every I < j < h - 1. 

Thus if we leave through and move through opposite edges we visit the 
sequence of squares R\, . . . , R'I'^^ until we reach a component R'I' which is not a 
square of distance > d. 

Let / = {l<i<n: i?^'* ^ Dm }■ We claim that 7^0. Indeed, otherwise take 
the domain T> that is the sum of those components of E \ (A U B) that appear as 
some R'l for 1 < i < n and I < j < each taken with coefficient one. Then dV is 
a sum of closed components of B. Since B has no closed components dV is a sum of 
full /3-curves, contradicting the fact that the elements of /3 are linearly independent 
in i?i(E;Z). 

First suppose that 3i G / fl {2, . . . , n — 1}. Then choose a properly embedded arc 
S C Dm Ll{Rl U - --U R*^') such that (5(0) G h and (5(1) G int(i?(''); furthermore, 
|(5 n dRl \ = 2 for 1 < j < A:,. Observe that 5{t) n B = for < t < 1. Do a finger 
move of the b^, arc along 6 and call the resulting surface diagram S' . The finger cuts 
Dm into two pieces called and D^, and £), becomes a new component D'^. 

We claim that 5' satisfies the required properties. Indeed, d{S') < d{S) because 
(5 does not enter any region of distance < d except possibly R'I' for which R'^' \ S 
is still connected. Thus d{D'^,) < d and the only new bad regions that we possibly 
make, Dl^ and Df^, have a common edge with D'^. All the other new components 
are bigons or squares. To show that Cd{S') < Cd{S) we distinguish three cases. 
Observe that we have 

(6.1) biDl) + h{Dl) = b{Dm) - 1. 

Indeed, if D]^-^ is a 2ni-gon and D^ is a 2ri2-gon then ni > 1 and 712 > 1 since 
1 < i < n. Thus h{D]^) = ni — 2 and b{D^) = ^2 — 2. Since the finger cuts a, into 
two distinct arcs we have that ni +712 = n + 1, i.e., (rti — 2) + (712 — 2) = (n — 2) — 1. 
Furthermore, the finger cuts R^ for 1 < j < ki into three squares. 

Case 1: R^^ is a bigon of distance > d. Then _R,|^' ^ because their distances 
are different. Thus the finger cuts i?^' into a bigon and a square, both have badness 
0. So equation 16. II implies that bd{S') = bd{S) — 1, showing that Cd{S') < Cd{S). 

Case 2: d{R^^) < d. Then the finger cuts R^' into a bigon and a component of 
distance < d. Thus again we have that bd{S') — bd{S) — 1. 

Case 3: i?*^' = Di for some I < I < m. Then the finger cuts Di into a bigon 
and a component D[ such that d{D[) = and b{D'i) — b{Di) + 1. Thus bd{S') — 
bd{S). But we still have Cd{S') < Cd{S) because . . . ,Di_i remained unchanged, 
—b{D[) < —b{Di), and every other distance d region in S' has badness < b{D[). 

Now suppose that / n {2, . . . ,n — 1} = 0. Since / ^ we have 1 G / or n G /. 
We can suppose without loss of generality that 1 G /. Then we have two cases. 

Case A: n = 3; for an illustration see the left hand side of Figure [71 Then 
R^^ = Dm, and thus i?2'"^ H An ^ 03, so / = {1}. Let b be the B-arc of 5 An 
lying between 02 and 03. Then the component C of d{R\ U • • ■ U R^^) containing b 
is a closed curve such that C C B. Since B has no closed components C = (3 ^ j3 
disjoint from 6». Then handle slide 6, over /? to get a new surface diagram 5'. In S' 
the component becomes D'^ with b{D'^) = b{D^) + 2. Let 6'^ denote 6» after the 
handle slide. Since d^R-!^) > d ioi 1 < j < k2 we see that d{S') < d{S); furthermore, 
d{D'^) < d. The arc b'^ cuts Dm into a bigon and a square; moreover, it cuts each 
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Figure 7. The handle sHde of Case A shown on the left. Subcase 
B2 is illustrated on the right. 



i?2 for 1 < j < k2 — 1 into two squares. Thus we got rid of the distance d bad 

component Dm, so bd{S') < bd{S). 

Case B: n > 3. Then for some 2 < I < n we have a; C i?2^^^ n Dm- 

Subcase Bl: I < n; for an illustration see the right hand side of Figure [T] Let 

(5 C U • • • U i?^) U (i?^ U ■ • • U i?2') 

be a properly embedded arc that starts on enters i?2^~^ through a;, crosses each 
i?2 for 1 < j < fc2 — 1 exactly once, reenters Dm through 02, leaves D^ through 
ai and ends in R^^ . Note that R^^ ^ Dm since 1 G /. Do a finger move of 
along (5, we obtain a surface diagram S' . The finger cuts Dm into four components 
Dl^,...,Df^ and D, becomes a component D!^. Observe that D^ and are 
squares, d{D'^) < d, and both Z)^ and have a common edge with DJ,. Moreover, 
the only component S enters that can be of distance < d is Thus d{S') < d{S). 
Furthermore, b{Dlj-^) + b{D^^) = b{Dm) — 1- So we can conclude that Cd{S') < Cd{S) 
in a manner analogous to cases 1-3 above, according to the type of Ri^ . 

k _i —1 

Subcase B2: I = n. Then ap C -R„"_i n Dm for some 2 < p < rt — 1. We define 
a properly embedded arc 

(5 C (i?} U • • • U i?^) U (i?^ U • • • U i?2') U (i?^ U • • • U Rl^) 

as follows (see Figure [S]). The curve 5 starts on enters R^ through Op, reenters 
Dm through a„_i, goes into R\ — ^2^~^ through a„, reenters Dm through 02, 
leaves across ai, and ends in R\^ . Furthermore, 6 f\ Rl consists of a single arc for 
i G {1, 2,p} and 1 < j < ki. Note that all these squares R\ are pairwise distinct, so 
5 can be chosen to be embedded. Do a finger move of 6, along 5 to obtain a surface 
diagram S' . The component becomes D'^ and the finger cuts Dm into six pieces 
Dm, . . . , Dm- Observe that D]^, Dm, Dm, and Dm are all squares; moreover, both 
Dm and Dm have a common edge with D'^. Since d{D'^) < d we have — 
and d{Dm) < d. Furthermore, b{Dm) + b{Dm) = b{Dm) — 1- Thus we get, similarly 
to Subcase Bl, that S' has the required properties. □ 



FLOER HOMOLOGY AND SURFACE DECOMPOSITIONS 



23 




Figure 8. The finger move of Subcase B2. 



Applying Lemma 16.61 to 5 a finite number of times we get a surface diagram 
iS' = (E, a',/3',P) with d{S') — 0, which means that S' is nice. AU that remains 
to show is that (E, a',/3') is admissible if (I],q:,/3) was admissible. 

The proof of the fact that isotopies of the a- and /^-curves do not spoil admissi- 
bility is a local computation that is analogous to the one found in (TS] Section 4.3]. 
Handleslidcs only happen in Case A of Lemma 16.61 The local computation of [HI 
Section 4.3] happens in P = i?2 U • • • U i?2^, which satisfies dV n B C lJ/3 because 
both 6* and b belong to a /3-curve. The computation does not depend on whether 
an arc of dV n A belongs to IJ a or B, so the same proof works here too. 

This concludes the proof of Theorem 16.41 □ 

7. HOLOMORPHIC DISKS IN NICE SURFACE DIAGRAMS 

In this section we give a complete description of Maslov index one holomorphic 
disks in nice balanced diagrams. Using that result we prove Theorem II .31 First we 
state a generalization of [7, Corollary 4.3]. 

Definition 7.1. Let (S, a, (3) be a balanced diagram and let x, y e n T^. For 
V G £'(x, y) we define A (I?) as follows. Let ^ be a homotopy class of Whitney 
disks such that D{(f) — V. Then A(I?) is the algebraic intersection number of (f) 
and the diagonal in Sym (E). 
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Suppose that V — X]"=i'^'^i' Definition 12.131 If p G (U (U/^) ^^"^ 
, . . . , 2?i4 are the four components that meet at p then we define 

Furthermore, if x = (xi , . . . , x^) and y = (j/i , • • . , J/d) then let (P) = X^iLi "a;. (^) 

and ny(2?) = Ef=i '^a, P)- 

To define the Euler measure e{V) of V choose a metric of constant curvature 
1,0, or —1 on S such that 91? is geodesic and such that the corners of V are right 
angles. Then e{V) is l/27r times the area of V. 

Remark 7.2. The Euler measure is additive under disjoint unions and gluing of 
components along boundaries. Moreover, the Euler measurer of a 2n-gon is 1 — n/2. 

Proposition 7.3. // (I],q:,/3) is a balanced diagram, x, y G Tq, H T^, and T) G 

_D(x, y) is a positive domain then 

=e(P)+nx(2?)+ny(P); 

furthermore, 

A{V) ^ n^{V) + ny{V) - e{V). 

Proof. Observe that the proof of [71 Corollary 4.3] does not use the fact that the 
number of elements of a and (3 equals the genus of S. □ 

Theorem 7.4. Suppose that {Yi,ol,P) is a nice balanced diagram, x, y G Tq. HT^, 
and 2? G Z?(x, y) is a positive domain with Ijl{T>) = 1. Then, for a generic almost 
complex structure, Ai{T>) consists of a single element which is represented by an 
embedding of a disk with two or four marked points into S. 

Proof. In light of Proposition 17.31 the proof is completely analogous to the proofs 
of [111 Theorem 3.2] and [HI Theorem 3.3]. □ 

Proposition 7.5. If the surface diagram S — (T., a, (3, P) is nice and (E, q:,/3) is 
admissible then the balanced diagram (S,q:,/3) is also nice. 

Proof. As before, let C{S) denote the set of those components of E \ (AUB) whose 
closure is disjoint from d'S. Since S is nice each component R G C{S) is a bigon or 
a square, and thus its Euler measure e{R) > 0. Let S' — (S,a,/3, 0). Then every 
component R' G C{S') is a sum of elements of C{S), each taken with multiplicity 
one. Thus e{R') > 0, which implies that R' is a bigon, a square, an annulus, or a 
disk. It cannot be an annulus or a disk because that would give a nontrivial positive 
periodic domain in (Y.,a,f3). □ 

Proposition 7.6. Let S = (S, a,/3, P) be a good, nice, and admissible surface dia- 
gram and let D{P) — {Yi' ,a.' ,Pa,Pb,p)- Then the balanced diagram (I]',q;',/3') 
is admissible and 

CF(S',a',/3') « {Op,d\Op). 

Proof. Suppose that Q' is a periodic domain in (S', a', (3') with either no positive or 
no negative multiplicities. Then Q = p{Q') is a periodic domain in (S, OL,j3) since 
p{dQ') — dQ will be a linear combination of full a- and /3-curves. Furthermore, 
Q has either no positive or no negative multiplicities, thus by the admissibility of 
(S, a, P) we get that Q = 0. So Q' is also zero since all of its coefficients have the 
same sign. 
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According to Lemma 15.41 the map p induces a bijection between Tq,' n Tpi and 
Op, which we denote by p*. We claim that is an isomorphism of chain complexes. 

Let x', y' G T^' n Tpi and let x = p*(x') and y = p*(y'). Then x, y e Op. Take 
a positive domain V G _D(x',y') such that /^(f) — 1 and let V — p{T>'). Observe 
that n^{V) = n^{V'), ny{V) = ny{V'), and e{V) = e{V'). Then P is a positive 
domain with fi{V) = 1 due to Proposition 17.31 Thus p induces a map pq from 

L' = {V' e D{yi', y') : V' > and ^{V') = 1 } 

to 

L^{V e D{x, y) : P > and fi{V) = 1 }. 
We claim that po is a bijection by constructing its inverse tq. 

Let A = (Da) U A and B = (U/3) U B. Suppose that V e L. Then 2? is an 
embedded square or bigon according to Theorem 17.41 Let C be a component of 
V n P. We claim that either dC C -4 or dC C B. Indeed, C is a sum of elements 
of C{S) (recall that C{S) was defined in the proof of Theorem 16. 4p . which are all 
bigons and squares. Thus the Euler measure e(C) > 0. The component C cannot 
be an annulus or a disk since A and B have no closed components and (S, ot, f3) is 
admissible. Thus C is either a bigon or a square. Since x, y G Op and because 2? 
is an embedded bigon or square no corner of C can be an intersection of an a- and 
a /3-edge of dC. Thus if C is a bigon it can either have an a- and an A-edge, or a 
(3- and a i?-edge. On the other hand, if C is a square it can have two opposite a- 
and two opposite A-edges, or two opposite (3- and two opposite i?-edges. Note that 
in all these cases if dC C A then dC D A ij) and if dC C B then 9C n B ^ 0. 

Now we define a map h = h-D : V ^ Yj' as follows. Let x ^V.li x ^'D\P then 
let h(x) = p~^{x). If X lies in a component C of 2? n P such that dC C A then 
let h{x) = p^^{x) n Fa; finally, let h{x) ^ p^^{x) D Pb if dC C B. The map h is 
continuous because ii x G A {or x G B) and the sequence (x„) <Z'D\P converges 
to a; then the sequence {p~^{xn)) converges to p~^{x) n Pa (or p^^{x) n Pb). See 
Figure m The map p is conformal, thus h is holomorphic. Furthermore, poh ~ idp 
and thus is an embedding. So /i is a conformal equivalence between T) and h{T>), 
which implies that h{V) G L' . We define r-o(X') to be h{T>). Then it is clear that 
Po o ro = idL. 

Now we prove that ro opQ = id^'. Let V G L' and let P = po{T>'); furthermore, 
h = h-p- Since V > and 2? has only and 1 multiplicities we see that V also 
has only and 1 multiplicities. Since p is conformal the map p|2?'; 2?' ^ 2? is a 
conformal equivalence. Let 

h' = {p\V')~^ : V V . 

It suffices to show that h — h' because this would imply that 

ro(2?) = h{V) ^ h'{V) = v. 

Since p: (S' \ P) ^ (E \ P) is a conformal equivalence we get that h\{T> \ P) ~ 
h'\{'D \ P). Let C be a component of P n P. Without loss of generality we can 
suppose that dC C A, and thus 9C n A 7^ 0. Let x G 3C n A. Then h'{C) is 
connected, so either h'{C) C Pa or h'{C) C Pb- But /i'(C) C Pb cannot happen. 
Indeed, then we had 

h'{x) ep-\A)nPB c as'. 

Moreover, the multiplicity of V at /i'(x) is one, but 2?' has multiplicity zero along 
5S]', a contradiction. So h'{C) c Pa, which means that h\C = h'\C. 
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Thus po is indeed a bijection between L' and L. We have seen that if V e L' and 
V = paiV) then both V and P' are either embedded bigons or embedded squares; 
moreover, hj} is a conformal equivalence between them. In both cases A^(2?) and 
A4{V) have a single element. 

This implies that is an isomorphism between the chain complexes (S', a' , (3') 
and {Op,d\Op). 

□ 

Proof of Theorem \1.S\ According to Lemma 14.51 it is sufficient to prove the the- 
orem for good decomposing surfaces. Because of Proposition 14.41 for each good 
decomposing surface we can find a good surface diagram S — (S, a, f3, P) adapted 
to it. This surface diagram can be made admissible using isotopies according to 
Proposition According to Theorem l6.4l we can achieve that S is nice using per- 
missible moves, and it still defines (M, 7) because of Lemma 16. 31 Now Proposition 
Osays that if D{P) = {Y.' ,a.' ,(3' ,Pa,Pb,p) then (E',a',/3') is a balanced dia- 
gram defining (A/', 7'). From Proposition 17.61 we see that (I]',a',/3') is admissible; 
furthermore, 

SFH{M', 7') = SFH{i:\ a', j3') w H{Op,d\Op). 

Finally, Lemma 15.41 implies that {Op,d\Op) is the subcomplex of CF{T,,a.,(3) 
generated by those x G n for which s(x) G Os- So 

H{Op,d\Op)^ 5Fi/(Af,7,s), 

which concludes the proof. □ 

8. Applications 

First we are going to remind the reader of [51 Definition 4.1] and [2t Theorem 
4.2]. See also [H Theorem 4.19]. 

Definition 8.1. A sutured manifold hierarchy is a sequence of decompositions 

(Mo,7o) (A^i,7i) • • ■ (Mn,7n), 

where (M„, 7„) is a product sutured manifold, i.e., (M„, 7„) — {Rx I, dR x J) and 
i?+(7„) = Rx {1} for some surface R. The depth of the sutured manifold (Afo,7o) 
is defined to be the minimum of such n's. 

Theorem 8.2. Let (Af, 7) be a connected taut sutured manifold (see Definition 
\2.6]) . where M is not a rational homology sphere containing no essential tori. Then 
(M, 7) has a sutured manifold hierarchy such that each Si is connected, SiHdMi^i ^ 
ifdMi-i ^ 0, and for every component V of R{^i) the intersection Si^i ClV is a 
union of parallel oriented nonseparating simple closed curves or arcs. 

Proof of Theorem \1.4\ According to Theorem l8.2l everv taut balanced sutured man- 
ifold (Af, 7) = (Afo,7o) admits a sutured manifold hierarchy 

(Afo,7o) (A^i,7i) -^^^ • • • (A/„,7„). 

Note that by definition M is open. So every surface Si in the hierarchy satisfies 
the requirements of Theorem 11.31 Thus for every 1 < i < n we get that 

SFH{M,,^i) < SFH{M,_i,j,_i). 
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Finally, since (M„,7„) is a product it has a balanced diagram with o; = and 
/3 = 0, and thus SFH{Mn,jn) « Z (also see [6l Proposition 9.4]). So we conclude 
that Z w SFH{Mn , 7„ ) < SFH{Mq , 70 ) . □ 

Proof of Theorem \1.5[ Let be the balanced sutured manifold (Af, 7), where 

M is the knot complement Y \ N{K) and s{j) consists of a meridian of K and a 
parallel copy of it oriented in the opposite direction, see Definition 12.41 Let ^ be 
a tangent vector field along dN{K) pointing in the meridional direction. Then ^ 
lies in , and thus gives a canonical trivialization to of Vq . Observe that there is 
a surface decomposition 

Y{K) ^'^ Y{S). 

Since Y{S) is strongly balanced we can apply Theorem 13. If I to get that 
SFH{Y{S))= SFH{Y{K),b). 

5eSpin<=(Y(/f)): (ci(5,to),[S] )=c{S,to) 

Recall that 

c{S,to) = x{S)+I{S)-r{S,to). 
Since dS C dN{K) is a longitude of K we see that the rotation of p{vs) with 
respect to ^ is zero. Furthermore, x{S) = f ^ 23(5) and I{S) = — 1 by part (f) of 
Lemma [3Jl thus c{S, to) = —2g{S). So wc get that 

SFH{Y{S))^ SFH{Y{K),5), 

seSpin<=(y(i^)) : { ci(s,to),[5] > = -2g(5) 

which in turn is isomorphic to HFK{Y, K, [S], -g^S)) « HFK{Y, K, [S],g{S)), see 
[TU] . Note that we get HFK{Y, K, [S],g{S)) if we decompose along —S instead of 
S. □ 

Using our machinery we give a simpler proof of the fact that knot Floer homology 
detects the genus of a knot, which was first proved in [13]. 

Corollary 8.3. Let K be a null-homologous knot in a rational homology 3-sphere 
Y whose Seifert genus is g{K). Then 

HFK{K,g{K))^Q- 

moreover, 

HFK{K, i)^Ofori> g{K). 

Proof. First suppose that Y \ N{K) is irreducible. Let S* be a Seifert surface of K. 
Then Y{S) is taut if and only if g{S) — g{K). Thus, according to Theorem 11.41 if 
g{S) = g{K) then Z < SFH[Y{S)) and because of ,6, Proposition 9.18] we have 
that SFH(Y{S)) = if .g(S') > g{K). Since for every i > g{K) we can find a Seifert 
surface S such that g{S) = i, together with Theorem 11.51 we are done for the case 
when Y \ N{K) is irreducible. 

Now suppose that Y{K) can be written as a connected sum (Af, 7)#Fi, where 
(M, 7) is irreducible and Yi is a rational homology 3-sphere. Since we can find 
a minimal genus Seifert surface S lying entirely in (Af, 7) (otherwise we can do 
cut-and-paste along the connected sum sphere) we can apply the connected sum 
formula 6, Proposition 9.15] to get that SFH{Y{S)) ^ SFH{M,j)(g)HF(Yi) over 
Q. Since rkHF{Yi) ^ (see [12, Proposition 5.1]) we can finish the proof as in the 
previous case. □ 
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Next we are going to give a new proof of [TTJ Theorem 1.1]. Let i be a link in 
S^, then 

x: i^2(5^L;M) ^ M 
denotes the Thurston semi-norm. Link Floer homology provides a function 

y: H^{S^\L;R) R 

defined by 

y{h) = max \{5,h)\. 

{seHi{L;Z): 7TFL{L,s)=iO} 

Theorem 8.4. For a link L CZ with no trivial components and every h G 
H'^{S^\L) we have that 

I 

2y{h)^x{PD[h]) + Y,\{K^i^)\, 

1=1 

where jii is the meridian of the i^^ component Li of L. 

Proof. Let ^ be a unit vector field along dN{L) that points in the direction of the 
meridian jii along dN{Li). Consider the balanced sutured manifold (Af, 7) — S^{L), 
then ^ is a section of Vq, and consequently it defines a canonical trivialization to 
of Vq. Let i? be a Thurston norm minimizing representative of PD[h] having no 
components. Note that R has no components because no component of L is 
trivial. 

We claim that r{R,to) — 0. Indeed, Ki = Rf) dN{Li) is a torus link. We can 
arrange that Ki and ^ make a constant angle and that R is perpendicular to dN{Li) 
along Ki. Then Vi — i^nlKi is the positive unit normal field of Ki in dN{Li) and 
{i'i,£,)q is some constant Ci for every q £ Ki, see Figure HI First suppose that 
Ci — 0. Then Ki is a meridian of Li and we can suppose that Ki C R{'j). Thus 
p{i'B)\Ki is always perpendicular to ^. Now suppose that a 7^ 0. We define the 
function 

for q G Ki. Then ai{q) — sgn(ci) for q £ Ki d 3(7) and ai{q) — Ci for every 
q G Ki Ci R{j) such that vq is perpendicular to i?(7). Moreover, the range of 
Oi is [ci, sgn(ci)], see Figure IHl So in both cases the rotation of p{i'}i)\Ki in the 
trivialization to is zero as we go around Ki. 
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Furthermore, we can achieve that 

I 

\^Rns{J)\ = 2Y,\{h,^^^)\. 

1=1 

Since R is norm minimizing and has no S'^ and components x(^) = —x{PD[h]). 
So using part (1) of Lemma we get that 

c(i?,to) = ~xiPD[h])-Y,\{h,fM)\- 

i=l 

Note that c(i?, to) < 0. 

Now observe that S^{R) can be obtained from S^{L) by decomposing along R. 
Since R is norm minimizing S^{R) is a connected sum of taut balanced sutured 
manifolds, thus combining Theorem 1 1 . 41 with the connected sum formula 1), Propo- 
sition 9.15] we get that rkSFH{S^{R)) ^ 0. So if we apply Theorem [H7TT] to the 
decomposition 

we see that there is an Sq G Spin'^(5''^(L)) such that ( ci(so, ^o), ^ ) — c{R,to) and 
HFL{L,5o) K. SFH{S^{L),5o)®'L2 / 0, see [i Proposition 9.2]. Thus 

I 

2y{h)^ max | ( ci(s, to), /i ) | > a;(PD[/i]) + V | ( /i, /x, )]. 

To prove that we have an equality let s be a Spin^ structure on S^{L) for which 



(ci(s,io),^)| - 




= 2d>0. 



The above difference is even because ( ci(5o, io), h ) = c{R, Iq) and 

(ci(5,to) - ciiso,to),h) = (2(s-So),/i). 

Let Rd be a Seifert surface of L obtained from i? by d stabilizations and oriented 
such that {ci{s,to), [Rd]) < 0. Observe that [Rd] = ±h, thus 

{ci{s,ta),[Rd]) ^ c{R,to) - 2d = c{Rd,to), 

which implies that s £ Or^. Now R(S^{Rd)) is not Thurston norm minimizing, 
thus according to O Proposition 9.19] we have that SFH{S^{Rd)) = 0. So if we 
apply Theorem 13.111 again we see that 

HFL{L,s) « SFH{S^{L),5) Z2 < SFH{S^{Rd)) ® Z2 = 
for such an s. □ 

Remark 8.5. Suppose that Y is an oriented 3-manifold and L C Y is a link such 
that Y \ N{L) is irreducible. Let x: H2{Y, L,M.) — > M be the Thurston semi-norm 
and for h £ H2{Y, L;R) let 

z{h) = max \{ci{s),h)\. 

{ aeSpin" {Y,L) : lfFL{Y,L.,s,)=jLO } 

Then an analogous proof as above gives that 

I 

z(h) = x{h) +^ 
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where fii is the meridian of the i component of L. 

The foUowing proposition generahzes the horizontal decomposition formula ^ 
Theorem 3.4]. 

Proposition 8.6. Let (M, 7) be a balanced sutured manifold. Suppose that 

(M,7) (M',7') 

is a decomposition such that S satisfies the requirements of Theorem \1.3\. (M',7') 
is taut, and [S] = in H2{M,dM). The surface S separates {M',"f') into two parts 
denoted by (Afi,7i) and (M2,72). Then 

SFH{M,-f) « SFH{M',i) « SFH{Mi,-fi) (g, SFH{M2,j2) 

over any field ¥. 

Proof. Since (M',7') is taut we can apply Theorem II. 41 to conclude that 

SFH{M'ri') ^ 0. 

Together with Theorem 11.31 this implies that O5 ^ 0. Fix an element Sq G Os. 
Then for every Spin'^ structure s G Spin'^(M, 7) the equality 

(5-So,[^]) =0 

holds since [S] = 0. Thus s G O5, see the proof of Lemma [3. 101 and Remark 15.51 So 
we get that Os = Spin=(M,7), and thus SFH{M',i) « SFH{M,-f). 

Now we sketch an alternative proof. Let S = (T,, a, (3, P) be a surface diagram 
adapted to S. Then D{P) ~ {Y.' , a' , f3' , Pa, Pb , p) (see Definition 15. ip can be writ- 
ten as the disjoint union of two balanced diagrams (Ei,ai,/3]^) and (T,2, a2, 1^2) 
such that Pa C Ei and Pb C E2. Let /3i G f3i and a2 G cy.2 be arbitrary curves. 
Since Pi n Pa ^9 and n Pb we get that p(/3i) n P = and p{a2) n P = 0. 
Furthermore, p{Pi) r\p{a2) = 0. Thus for the surface diagram S the set of inner 
intersection points Ip = 0. So Theorem [Ol gives that SFH{M,-/) w SFH{M',i). 

Note that {Tii,<y.i, (3^) is a balanced diagram of (Mi,7i) for i = 1,2; moreover, 

CP(E, a, /3) « CP(I]i, ai, /3i) CP(E2, "2, /32)- 

□ 

As a corollary of this we give a simple proof of ^9, Theorem 1.1]. The following 
definition can be found in [3j 

Definition 8.7. The oriented surface P C S*^ is a Murasugi sum of the compact 
oriented surfaces Pi and P2 in 5*^ if the following conditions are satisfied. First, 
R = Ri Ue R2, where P is a 2n-gon. Furthermore, there are balls Pi and P2 in 
such that Pi C Pi and P2 C P2, the intersection Pi n P2 = P is a two-sphere, 
Pi U P2 = S^, and Pi n P = P2 n P = P. We also say that the knot OR is a 
Murasugi sum of the knots 9Pi and dR2. 

Corollary 8.8. Suppose that the knot K CZ is the Murasugi sum of the knots 
Ki and K2 along some minimal genus Seifert surfaces. Then 

HFK{K, g{K)) « HFK{Ki, g{Ki)) ® HFK{K2, 3(^2)) 



over any field ¥. 
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Proof. Let Ri and R2 be minimal genus Seifcrt surfaces of Ki and K2 , respectively. 
The Murasugi sum of Ri and R2 is a minimal genus Seifert surface R of K, see 
[5]. By the definition of the Murasugi sum there is an embedded 2-sphere H C 
that separates Ri and R2 and such that Ri O H = R2 O H is a 2n-gon E for some 
n > 0. Thus in the balanced sutured manifold S^{R) the disk D ^ H \ int(_B) is 
a separating decomposing surface that satisfies the requirements of Theorem 11.31 
Decomposition along D gives the disjoint union of S^{Ri) and S^{R2), which is 
taut. Thus, according to Proposition l8.61 

SFH{S^{R)) « SFH{S^(Ri)) ® SFH{S^{R2)) 

over F. Using Theorem 11.51 we get the required formula. □ 

Lemma 8.9. Suppose that (Af, 7) is a balanced sutured manifold such that 

H2{M-Z) = 0. 

Let S C (M, 7) he a product annulus (see Definition \2.9\) such that at least one com- 
ponent of dS is non-zero in Hi{R{'-f):'Z) or both components of dS are boundary- 
coherent in R{j). If S gives a surface decomposition (M, 7) (Af ,7') then 

SFH{M',-/') « SFH{M,j). 

Proof. With at least one orientation of S both components of dS are boundary- 
coherent in R{j). On the other hand, (M',7') does not depend on the orientation 
of S. Thus we can suppose that both components of dS are boundary-coherent. 

Since S is connected and dS intersects both i?+(7) and R-{j) we can apply 
Proposition 14.41 to get a surface diagram (1^,0., (3, P) adapted to S. Here P is an 
annulus with one boundary component being A and the other one B. Thus we can 
isotope all the a- and /3-curves to be disjoint from P, and so /p = for this new 
diagram. The balanced diagram (S,a,/3) is admissible due to Proposition 12.151 
Now Lemma 15.41 implies that for every x G n we have x G Op if and only 
if s(x) e Os. Consequently, CF(E, a, ^3, s) = for s G Spin'=(Af,7) \ Os. Thus 
SFH{M,j,s) = for s ^ Os. The surface S satisfies the conditions of Theorem 
O and so SFH{M', 7') « SFH{M, 7). □ 

The next proposition is an analogue of the decomposition formula for separating 
product annuli proved in [8, Theorem 4.1] using completely different methods. 

Proposition 8.10. Suppose that {M,"f) is a balanced sutured manifold such that 
_ff2(A/;Z) = 0. Let S C (A/, 7) be a product annulus such that at least one compo- 
nent of dS does not bound a disk in R{"f). Then S gives a surface decomposition 
(A/",7) -^^ {M',-i'), where SFH{M\y) < SFH{M,j). If we also suppose that S 
is separating in M then SFH{M',Y) ~ SFII{M,j). 

Proof. Let C± — dSr\R±{j) and suppose that C+ does not bound a disk in R+{'j), 
see Figure [101 According to Lemma 18.91 we only have to consider the case when 
both [C+] and [C_] are zero in IIi{R{j);Z). Since (A/', 7') does not depend on 
the orientation of S we can suppose that S is oriented such that C_ is boundary- 
coherent in i?_(7). If C+ is also boundary-coherent in R^("f) then we are again 
done due to Lemma \8l9\ Thus suppose that C+ is not boundary-coherent. 

The idea of the following argument was communicated to me by Yi Ni. Let T 
denote the interior of C+ in i?+(7); then C+ and dT are oriented oppositely, see 
Definition 1 1.2 1 Let C'j_ be a curve lying in int(S') parallel and close to C+ and choose 
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Figure 10. A product annulus. 



a surface T' parallel to T such that int(r') C int(M \ S) and dT = C\_. Let 5*0 be 
the component of S\C'_^_ containing C_. We define S' to be the surface SqUT'. Note 
that the orientations of Sq and T' match along , so S' has a natural orientation. 
Let (Mo,7o) be the manifold obtained after decomposing (M, 7) along S'. Observe 
that dS' = C- is boundary-coherent in R-{'j), thus we can apply Theorem 11.31 
to S' and get that SFH{Mo,jo) < SFH{M,j). If we also suppose that S is 
separating then So is separating and so we have an equality due to Proposition 
18.61 Decomposing (Mo,7o) along the annulus S \ Sq we get a sutured manifold 
homeomorphic to the disjoint union of (M', 7') and {T x /, dT x /). Since T ^ 
we can remove the (T x I,dT x /) part of {Mq,jq) by a series of decompositions 
along product disks and product annuli having no separating boundary components. 
Thus SFH{M', 7') « SFH{Mq, 70) by Lemma 9.13] and LemmalHH □ 

9. Fibred knots 

Ghiggini [5j (for the genus one case) and Ni [8] recently proved a conjecture of 
Ozsvath and Szabo that knot Floer homology detects fibred knots. We use the 
methods developed in this paper to simplify their proof by avoiding the introduc- 
tion of contact structures. Moreover, we give a relationship between knot Floer 
homology and the existence of depth one taut foliations on the knot complement. 

Definition 9.1. Let (M, 7) be a balanced sutured manifold. Then (A/, 7) is called 
a homology product if i/i(M, i?+(7); Z) — and i?i(M, i?_ (7); Z) — 0. Similarly, 
(M, 7) is said to be a rational homology product if Hi{M, R+{j);Q) = and 
ifi(M, i?_(7);Q) = 0. 

Remark 9.2. It follows from the universal coefficient theorem that every homology 
product is also a rational homology product. 

Definition 9.3. Let (M, 7) be a balanced sutured manifold. A decomposing surface 
S" C Af is called a horizontal surface if 

i) S is open, 

ii) 55' C 7 and 1951 = |s(7)|, 

iii) [5] = [i?+(7)] iniJ2(Af,7), 

iv) xiS)^xiR+il))- 
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We say that (A/, 7) is horizontally prime if every horizontal surface in (Af , 7) is 
parallel to either R+{'j) or R-{'y). 

Lemma 9.4. Suppose that {M,"f) is a balanced sutured manifold and let 

(M,7) (M',7') 
be surface decomposition. Then the following hold. 

(1) If (M, 7) is a rational homology product then H2{M, R±{'y);Q) — 0, and 
both H2iM;Q) and H2{M;Z) vanish. 

(2) If S is either a product disk or a product annulus then (A/', 7') is a rational 
homology product if and only if (Af, 7) is. 

(3) If R-f-{"f) is connected, S is a connected horizontal surface, and {M,"f) is a 
rational homology product then (Af 7') is also a rational homology product. 

Proof. Let R± = R±{'y) and f?^ = R±{'y'). Then using Alexander-Poincare duality 
we get that 

H2 (Af, R+;Q)^H^ (Af , f?_ ; Q) « fTi (Af , f?_ ; Q) = 0. 

A similar argument shows that H2{M, f?_; Q) = 0. 

Look at the following segment of the long exact sequence of the pair (Af, f?+) : 

ff2(i?+; Q) ^ H2{M; Q) ^ H2{M, f?+; Q) = 0. 

Since f?+ has no closed components H2{R+;Q) = 0, so ff2(Af;Q) = 0. From 
Poincare duality and the universal coefficient theorem 

H2iM; Z) « ff i(Af, dM; Z) « Hom(ffi(Af, dM; Z), Z) ® Tor(ffo(Af, dM; Z)), 

which implies that H2{M; Z) is torsion free. Thus ff2(Af ; Z) = 0. This proves (HI). 

Now suppose that S' is a product disk or a product annulus. Consider the relative 
Mayer- Vietoris sequence associated to the pairs (Af', R'_^) and {N{S), R+ fl N{S)). 
From the segment 

= ifi(M' n N{S), R'+ n N{S); Q) 
^ ffi(Af', f?V; Q) ® HiiNiS),R+ n iV(5); Q) -> ffi(Af, R+;Q) ^ 
HoiM' n N{S), R'+ n N{S)- Q) = 
and since Hi{N{S), R+ n N{S);Q) = we get that ifi(Af', R'+;Q) if and only 
if ffi(Af, R+;Q) = 0. We can similarly show that ffi(Af', R'_;Q) = if and only if 
ffi(Af, f?_; Q) = 0. This proves ©. 

Finally, let 5 be a connected horizontal surface in the balanced sutured manifold 
(Af , 7) with i?+ connected. We denote by (Afi, 71) and (Af2, 72) the two components 
of (Af',7'), indexed such that i?+ C Afi and i?_ C Af2. The sutured manifold 
(Af , 7) is a homology product and we have already seen that this implies that 
H2{M; Q) = 0. So from the Mayer- Vietoris sequence 

= H2{S; Q) ^ ff2(Afi; Q) ® ff2(Af2; Q) ^ if2(Af; Q) = 

we obtain that if2(Afi;Q) = for « = 1,2. Another segment of the same exact 
sequence is 

fri(5; Q) ^ ffi(Afi; Q) © ifi(Af2; Q) ^ ffi(Af ; Q) ^ ifo(5; Q) = 0, 

thus 

dim ffi (Afi ; Q) + dim ff 1 (Af2 ; Q) = dim ffi {S; Q) + dim ffi (Af ; Q) . 
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From the long exact sequence of the pair (A/, R±) we see that 

= i72(Af, i?±; Q) ^ i/i(i?±; Q) ^ i?i(Af ; Q) ^ 0, 

and sodhiii?i(Af;Q) dim iJi (i?± ; Q) . Since S is horizontal x(S') = x{R+)- More- 
over, and S are both connected, thus dim iJi ; Q) = dim Hi{S;Q). Conse- 
quently, 

(9.1) dimi7i(Mi;Q) + dimi?i(Af2;Q) = 2 dim Hi{S;Q). 

From the long exact sequence of the triple (M, M2 , R- ) consider 

= i/i(Af, Q) i?i(M, M2; Q) ^ i/o(M2, i?-; Q). 

Here Hq{M2, R-;Q) ~ because (^2,72) is balanced. So, using excision, we get 
that Hi{Mi, S; Q) w iJi(M, M2; Q) = 0. Now the exact sequence 

= iJ2(Afi; Q) ^ H2iMi,S; Q) ^ Q) ^ Q) Hi{Mi,S; Q) - 

implies that dimifi(Mi;Q) < dimifi(iS'; Q). Using a similar argument we get that 
dimi?i(M2;Q) < dimi?i(S'; Q). Together with equation [Q we see that 

dim Hi{Mf, Q) = dim Hi{S;Q) 

for i = 1,2. So the map Hi{S;<Q) Hi{Mi;Q) is an isomorphism and we can 
conclude that H2{Mi, S; Q) — 0. Using Alexander-Poincare duality we get that 

i?i(Afi, Q) « H\Ah,R+; Q) « i?2(Afi, 5; Q) = 0. 

Together with Hi{Mi, S;Q) = this implies that (Afi,7i) is a rational homology 
product. An analogous argument shows that (A/2,72) is also a rational homology 
product. This proves □ 

Observe that the proof of |8j Proposition 3.1] gives the following slightly stronger 
result. 

Lemma 9.5. Let K be a null-homologous knot in the oriented 3-manifold Y and 
let S be a Seifert surface of K. If 

rkHFKiY,K, [SlgiS)) = l 
then Y{S) is a homology product. 

Corollary 9.6. If {M,^) is a balanced sutured manifold with 7 connected and 

rkSFH{M,-f) = 1 

then (M, 7) is a homology product, and thus also a rational homology product. 

Proof. Since (Af, 7) is balanced and 7 is connected R+{'j) and -^-(7) are diffeomor- 
phic. Glue i?+(7) and R-{"f) together using an arbitrary diffeomorphism, then do 
an arbitrary Dehn filling along the torus boundary. This way we get a 3-manifold 
Y together with a null- homologous knot K (the core of the Dehn filling). Moreover, 
R+ij) gives a Seifert surface S oi K such that Y{S) = (Af, 7). Using Theorem II .51 

HFK{Y,K, [Slg{S))^SFHiM,j). 
So Lemma 1^31 implies that Y{S) — (A/, 7) is a homology product. □ 

Theorem 9.7. Suppose that (Af, 7) is a taut balanced sutured manifold that is not 
a product. Then SFH{M,-f) > 1? . 
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Proof. The outline of the proof is the following. First we modify (M, 7) using 
decompositions along product disks and product annuli, horizontal decompositions, 
and adding product one- handles. The goal is to make (M, 7) a rational homology 
product, strongly balanced, and horizontally prime. Moreover, we need a curve 
in i?+(7) which homologically lies outside the characteristic product region (see 
Definition 19. 8p . Then we can find decomposing surfaces Si and S2 which give taut 
decompositions (M, 7) -^^^ {Mi,-fi) for i = 1,2 such that Os^ n = 0- To 
distinguish between Spin^ structures we use Lemma 13.101 According to Theorem 
Owe have Z < SFH{M,,j,). From Theorem [Ol we get that 

SFH{Mi,ji) © SFH{M2,-f2) < SFH{M,'y), 

which concludes the proof. 

Throughout the proof we use the fact that if (TV, i') -^'^ {N' , v') is a decomposi- 
tion such that J is either a product disk or product annulus then [N, v) is taut if 
and only if [N' , v') is taut. This is [21 Lemma 3.12]. 

By adding product one-handles to (M, 7) as in Remark 13.61 we can achieve that 
7 is connected. This new (Af, 7) is still taut and is not a product. It was shown in 
[51 Lemma 9.13] that adding product one-handles does not change SFH{M,j), so 
it is sufficient to prove the theorem when 7 is connected. In particular, both R^{j) 
and R- (7) are connected, thus (Af , 7) is strongly balanced. 

By Theorem II. 41 and Corollarv l9.6l if the taut balanced sutured manifold (Af, 7) 
is not a rational homology product and if 7 is connected then SFH{M,'y) > 7?. 
So in order to prove Theorem 19.71 it is sufficient to consider the case when (Af, 7) 
is a rational homology product. 

Let Rq, . . . , Rk+i be a maximal family of pairwise disjoint and non-parallel hor- 
izontal surfaces in (Af, 7) such that Rq = R+ij) and f?fe+i = f?_(7). Since 7 is 
connected, Ri is open, and \dRi\ = \s{-/)\ we get that each Ri is connected. Decom- 
posing (Af, 7) along f?i, . . . , f?fc we get taut balanced sutured manifolds (Af^, 7^) for 
1 < i < k + 1 such that R+iji) ~ Ri-i and R^iji) — Ri. From Proposition 18.61 

fe+i 

SFH{M, 7) = (g) SFH{M„ 7,) 

i=l 

over Q. Furthermore, part ([3]) of Lemma l9. 41 implies that each {Mi,^i) is a rational 
homology product. And (Af^, 7^) is not a product since Ri-i and Ri are not parallel. 
Thus it is enough to prove Theorem 19.71 for (Af, 7) = (Afi,7i). So we can suppose 
that (Af, 7) is horizontally prime (see Definition 19. 3p . Next we recall [HI Definition 
6.1], also see [T]. 

Definition 9.8. Suppose that (Af, 7) is an irreducible sutured manifold, R-{j) 
and i?4_(7) are incompressible and diffeomorphic to each other. A product region of 
(Af , 7) is a submanifold $ x f of Af such that $ is a compact (possibly disconnected) 
surface and $ x {0} and $ x {1} are incompressible subsurfaces of i?_ (7) and i?+(7), 
respectively. 

In [H Theorem 3.4] it is proven that there is a product region E x I such that if 
$ X f is any product region of (Af , 7) then there is an ambient isotopy of M which 
takes $ X f into E x I. We call E x I a characteristic product region of (Af, 7). 
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Let i? X / be a characteristic product region of (M, 7) . We can suppose that 
7 C X /. Since (M, 7) is not a product E y. 1 ^ M. Let 

[M', 7') = {M \E X I,{dE X I)\ 7). 

Denote the components of {dE x /) \ 7 by Fi , . . . , F,n ■ Then each Fi is a product 
annulus in (M, 7). Moreover, no component of dFi bounds a disk in i?(7) since 
E X {0} and E x {1} are incompressible subsurfaces of i?(7). After the sequence 
of decompositions along the product annuli Fi, . . . , Em we get the disjoint union 
of (M',7') and the product sutured manifold {E x I,dE x I). From part ^ of 
Lemma [9.41 we get that (M',7') is also a rational homology product. Moreover, 
using Proposition 18. 101 and the fact that 

SFH{{M', 7') U(ExI,dEx I)) « SFH{M', 7') ® Z « SFH{M\ 7') 

we obtain that SFH{M',j') < SFH{M,j). Of course (M',7') is not a product. 
Thus it is sufficient to prove that SFH{M', 7') > Z^. Note that E' x I = N{y) is a 
characteristic product region of (M', 7'). Furthermore, (Af ', 7') is taut, horizontally 
prime, and strongly balanced. 

If i?+(7') is not planar then let (Mi, 71) = (M',7') and x / = £" x /. If 
i?+(7') is planar then dR+{j') is disconnected since otherwise we had dAI' — 5*^ 
and (Af, 7') would not be irreducible. Connect two different components of 7' with 
a product one- handle T as in Remark 13.61 to obtain a sutured manifold (Afi,7i). 
Then Ei x I = N{'j') U T is a characteristic product region of (Mi, 71). According 
to part ^ of Lemma l9.4l the sutured manifold (Mi, 71) is also a rational homology 
product. In both cases the map 

H.iEi X {l};(Q)^i7i(i?+(7i);Q) 

is not surjective. Indeed, in the second case the curve lu obtained by closing 
the core of the handle T n i?+(7i) in R+ij') lies outside Hi{Ei x {1};Q). Also, 
S'FiJ(Mi,7i) = SFH{M',i) in both cases. Note that (Mi, 71) is stiU taut, hori- 
zontally prime, and strongly balanced. 

From now on let (M, 7) = (Mi, 71) and E x I = Ei x I. Let w+ C R+{l) 
be a properly embedded oriented curve such that {ijJ+\ ^ Hi{E x {1};Q). Then 
n[ujjJ\ ^ Hi{E X I; Z) for every n £ Z. Since (M, 7) is a rational homology product 
the maps 

i±: Hi{R±{j);Q)^ Hi{M;Q) 
are isomorphism, see Lemma 19.41 Thus there exists a properly embedded oriented 
curve uj- C R-ij) such that [cj_] 7^ in Hi{R^(j):Q) and non-zero integers a,b 
such that a ■ i+{[u}+]) = b ■ i_([a;_]) in iJi(A/;Z). Choose a regular neighborhood 
N{ui+ U w_) of L0+ U ui- in R{-f). Then 

iV = 7 U N{uj+ Uuj-) 

is a subsurface of dM. Let x be the Thurston semi-norm on H2{M, N;7j), see 
Definition O Since i72(A/;Z) = the map 

d: H2{M,N;Z) Hi{N;Z) 

is injective. Thus there is a unique homology class s £ H2{M, N;Z) such that 
ds = a[LU+] — b[uj-]. Moreover, let 

r = [R+{j)] = [i?_(7)] £ H2{M,N;Z), 

then dr = [5(7)]. We will need the following definition, see [16]. 
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Definition 9.9. Suppose {Si,dSi) and {82,882) are oriented surfaces in general 
position in (M, dM). Then the double curve sum of 81 and 82 is obtained by doing 
oriented cut and paste along 5*1 H 82 to get an oriented surface representing the 
cycle 81 + 82- The result in an embedded oriented surface coinciding with 81 U 82 
outside a regular neighborhood of 5*1 n 6*2 . 

The following claim is analogous to 8, Lemma 6.5]. 

Claim 9.10. For any integers p,q > we have a strict inequality 

x{s + pr) + x{—s + qr) > (p + q)x{r). 

Proof. Let the surfaces and 5*2 be norm minimizing representatives of s + 
and —s + qr, respectively. Since M is irreducible and i?(7) is incompressible we 
can assume that and 82 have no 8"^ or D'^ components. Thus x(S'i) = —x{8i) 
and x{S2) — —x{82)- Furthermore, we can suppose that 5*1 and 82 are transversal, 
(S'l U 82) n 7 consists oi p + q parallel copies of 3(7), and 81 n i?(7) = S'2 n -R(7) 
consists of a parallel copies of uj+ and h parallel copies of uj- . Since M is irreducible 
and S'l and S'2 are incompressible we can achieve that (S'l U S2) \ (S'l n S2) has no 
disk components. Let P denote the double curve sum of S'l and S'2, see Definition 
19.91 Then [P] = (p + q)r and P has no 8^ or components. Moreover, for any 
double curve sum x{P) = x{Si) + x(S'2). Thus x{P) = x{8i) + x{82). Also note 
that P n i?(7) = and P n 7 consists of p + g parallel copies of 3(7). 

Suppose that T is a torus component of P. Then T = lj^=i ^j ; where A2i^i C S'l 
and A2i C S'2 are annuli for \ < i < m. Let = Ul!li ^2i-i and A"^ ~ Ut=i ^2j, 
and define 8[ = (S'l U {-A^) and 8!^ = {82\A'^)U {-A^). With a small isotopy 
we can achieve that |S'J n S'jl < |Si n S'2|. For i = 1, 2 we have = d8i, and thus 
[S'j] = [8i] in H2[M, TV); moreover, x{8'^ = x{8i). Thus we can suppose that P has 
no torus components. 

Due to the triangle inequality we only have to exclude the case 

x{s + pr) + x{—s + qr) = (p + q)x{r). 

Thus suppose that x{P) = (p + q)x{r). We define a function ip: M \ P ^ hy 
setting ^p{z) to be the algebraic intersection number of P with a path connecting z 
and i?+(7). This is well defined because the image of [P\ = (p + q)r in H2{M, dM) 
is zero, and thus any closed curve in M intersects P algebraically zero times. 

Let Ji = c\{(p^^{i)) for < i < p + q and let Pi — Ji_i n for 1 < i < p + (7. 
Then P = Uf^f Pi and lJfe=o ^ homology between R+{j) and Pi in H2[M, N). 
Thus [Pi\ = [i?+(7)] = r and x{P,) > x{r). Since 

p+q 

J2x{P^) ^ =^{P) = {p + qXr) 

1=1 

we must have x{Pi) — x(r) for 1 < i < p + q. Each Pi is connected since it has no 
8^ and components, and H2{M) — implies that Pi can have no higher genus 
closed components, otherwise it would not be norm minimizing in r. 

So each Pi is a horizontal surface in (M, 7), consequently it is parallel to R+{'i) 
or i?_(7). Thus for some Q < k < p + q the surfaces Pi, . . . ,Pk are parallel to R+{j) 
and Pk+i, ■ ■ ■ , Pp+q are parallel to R^{"f). Let Pq = -^+(7) and Pp+^+i = R-{"f). 

We can isotope Si such that Si fl int(Ji) is a collection of vertical annuli for 
< i < p + g. Thus S'l fl int(Ji) = Ci x (0, 1), where Ci is a collection of circles in 
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Pi. Let 7/£ = 7 n Jfe. Observe that there is a homeomorphism h: (A/, 7) — > {Jk,Jk) 
such that [Cfe] — a[h{u;+)] in Hi{Pk)- Since a[/i(ijj+)] ^ Hi{h{E x {!})) there is a 
component of Ck such that [C[.] ^ Hi{h{E x {!})). Thus the product annulus 
X / cannot be homotoped into h{E x /), which contradicts the fact that h{E x /) 
is a characteristic product region of {Jk,jk)- D 

From [16l Theorem 2.5] we see that there are decomposing surfaces Si and S2 
in (M, 7) such that 

(1) [Si] = s + pr and [S2] = —s + qr in H2{M, N) for some integers p,q>0, 

(2) if we decompose (M, 7) along 5^ for i = 1, 2 we get a taui sutured manifold 

(M„7»), 

(3) i^Si is nowhere parallel to vq along dSi for z = 1, 2, 

(4) dSi n i?(7) consists of a parallel copies of lu+ and b parallel copies of —uj-, 

(5) dS2 n i?(7) = -as"! n i?(7), 

(6) 95.; n 7 consists of parallel copies of 5(7) and I'g. \ {dSi fl 7) points out of M 
for i = 1,2. 

From (2) and Theorem 11.41 we get that 

Z<SFHiAU,j,) 

for i — 1,2. Since (M, 7) is strongly balanced and S satisfies (3) we can define 
c{Si,t) and c{S2,t) for some trivialization t oivQ, see Definition 13.81 

Using part (2) of Lemma [3^ and (6) we get that I{Si) = and /(S'2) — 0. 
Moreover, r{Si,t) = px{R+{-f)) + K and r{S2,t) = qx{R+{-f)) - K, where K is the 
contribution of dSi fl R{^) to r{Si,t). 

Since (M,7) is taut x(^+(7)) = -x{r). Thus 

c{Si,t) = xC-S*!) + — K = —x(s + pr) + pa;(r) — K 

and 

c(52, = x{S2) + qxir) + K = -x{-s + qr) + qx{r) + K. 
From Claim l9T0l we get that 

c{Si,t) + c{S2,t) = {p + q)x{r) - {x{s+pr)+x{-s + qr)) < 0. 

Let Si G for « = 1,2. Lemma [3.101 implies that (ci(si, i), = c{Si,t) and 
(ci(s2,i), [^2]) = c(52,0- But r = in H2{M,dM), and thus = s = -[52] in 
H2iM,dM). So (ci(52,t), [S-i]} = -c(S'2,t). Together with c(S'i,i) 7^ -c(S'2,t) this 
implies that Si S2, and thus Os^ n O52 = 0. Using Theorem ll.3l we get that 

< SFH{Mi,-fi) ® 5FiJ(M2,72) < SFH{M,-f). 

This concludes the proof of Theorem 19.71 □ 

Theorem 9.11. Let K be a null-homologous knot in an oriented S-manifold Y 
.such that Y \ K is irreducible and let S be a Seifert surface of K. If 

rkHFKiY,K, [S],g{S))^l 

then K is fibred with fibre S . 

Proof. From Theorem 11.51 

SFH{Y{S))^HFK{Y,K, [S],g{S)). 



FLOER HOMOLOGY AND SURFACE DECOMPOSITIONS 



39 



Consequently, SFH{Y{S)) ^ and thus Y{S) is taut. So we can apply Theorem 
19.71 to Y{S) and conclude that Y{S) is a product, since otherwise we had < 
SFH{Y{S)). This implies that the knot K is fibred with fibre S. □ 

Theorem 9.12. Let (M, 7) be a taut balanced sutured manifold that is a rational 
homology product. If rkSFH(M,j) < 4 then the depth of (Af, 7) is at most one. 

Proof. Suppose that the depth of (Af, 7) is > 2. Note that decompositions along 
product disks and product annuli do not decrease the depth of a sutured manifold. 
Thus applying the same procedure to (M, 7) as in the proof of Theorem 19. 71 we get 
two depth > 1 (i.e., non-product) taut balanced sutured manifolds (Afi,7i) and 
(M2,72) such that 

SFH{M,j) > 5FiJ(Mi,7i) © SFH{M2,j2)- 

From Theorem EZl we see that SFH{AU,j^) > for i = 1,2. Thus SFH{M, 7) > 
Z*. □ 

Proof of Theorem \1.8[ Let S" be a genus g Seifert surface of K. Then (M, 7) — Y{S) 
is a taut balanced sutured manifold with SFH{Y{S)) « HFK{Y,K,g) due to 
Theorem 11.51 The linking matrix of is a matrix of the map 

i+:H,{R+{j);Q)^H,{M;Q), 

thus det V = ztflg ^ and i+ is an isomorphism. From the long exact sequence of 
the pair (M, R+{j)) we see that Hi{M, R+{j); Q) = 0. Similarly, Hi{M, i?_(7); Q) 
is also zero, thus (M, 7) is a rational homology product. Using Theorem 19.121 we 
conclude that the depth of (M, 7) is < 1 . Now using [2] we get a depth < 1 taut 
foliation on (M, 7) transverse to 7 and leaves including R±{'j). □ 

Remark 9.13. lii-kHFK{Y, K, g) = 3 then using the fact that x {fFFK{Y, K, g)^ = 
Og we see that the condition 7^ is automatically satisfied. 

Question 9.14. Let X be a knot in a rational homology 3-sphere Y and suppose 
that fc is a positive integer. Does 

T:\LHFK{Y,K,g{K)) < 2^ 

imply that Y \ N{K) has a depth < k taut foliation transverse to dN{K)7 
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